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I 

INTRODUCTION 

[ 

This  is  the  third  in  a  series  of  summary  reports  on  the  general  subject  of 
electromagnetic  ar.d  acoustical  scattering  by  certain  bodies  of  simple  shape.  The  ; 
choice  of  the  spheroid  as  next  in  line  after  the  sphere  and  cone  is  suggested  by 
several  considerations.  The  ellipsoid,  of  which  the  spheroid  is  a  specialization,  is! 
the  only  remaining  finite  body  for  which  ^exact’  analytical  solutions  of  boundary 
value  problems  involving  the  vector  and  scalar  v/ave  equations  are  at  all  feasible, 
and  for  the  general  ellipsoid  these  are  of  such  complexity  and  tedium  that  few  in¬ 
vestigators  have  had  the  requisite  combination  of  motivation  and  temerity  to  attack 
them.  The  attractions  which  the  spheroid  holds  for  the  analyst  are  thus  evident. 

Not  only  does  it  afford  a  generalization  of  all  the  existing  work  on  the  sphere,  but 
the  presence  of  an  additional  independent  parameter  offers  a  means  of  developing 
entirely  new  approximate  techniques.  Furthermore,  the  wide  range  of  forms  which 
can  be  approximated  reasonably  well  by  a  spheroid  includes  many  which  are  of  vital 
interest  in  various  fields. 

The  two  types  of  spheroid,  prolate  and  oblate,  are  from  an  exact  analytical 
standpoint  nearly  identical,  to  the  extent  that,  given  an  exact  solution  for  one  body, 
the  corresponding  solution  for  the  other  is  almost  trivially  obtainable,  at  least  in 
terms  of  a  corresponding  set  of  special  functions.  However,  the  prolate  fonri 
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seems  to  predominate  in  the  literature,  partly  because  its  limiting  configuration  is 
a  thin  finite  rod,  which  is  the  most  elementary  form  for  an  antenna.  The  advent  of 
radar  and  the  essentially  prolate  form  of  many  aerodynamically  efficient  shapes 
naturally  provided  strong  motivation  for  the  development  of  this  branch  of  the  family. 
In  the  extremes  of  eccentricity  the  two  forms  are  entirely  distinct,  as  are  the 
associated  physical  phenomena  and  appropriate  analytical  approaches,  so  that  the 
oblate  spheroid  has  a  sufficiently  separate  entity  to  warrant  individual  consideration 
in  a  later  report. 

Perhaps  the  first  problem  which  presents  itself  in  the  construction  of  a  report  of 
this  nature  is  that  of  how  much  or  what  to  include.  In  the  cases  treated  previously 
the  volume  of  literature  was  such  that  a  serious  problem  of  selection  and  emphasis 
was  incurred.  In  the  present  case  the  volume  is  not  so  overwhelming,  and  this 
produces  the  initial  dilemma  of  whether  or  not  to  try  to  include  everything,  at  least 
in  some  degree  of  coverage,  (One  is  reminded  of  the  Englishman  of  a  bygone  era 
who  purportedly  remarked  of  the  turkey  that  it  was  a  most  inconvenient  sized  bird— 
a  little  too  much  for  one  man  and  not  quite  enough  for  two. )  The  somewhat  inordinate 
length  of  what  follo'vs  is  the  result  of  a  leaning  toward  the  positive  horn.  Some  sort 
of  compromise  is,  however,  inevitable  and  an  element  of  arbitrariness  is  bound  to 
enter  at  some  poin'  .  Thus  we  will  limit  our  consideration  in  general  to  problems 
of  diffraction  or  scattering  where  the  source  of  energy  is  exterior  to  the  scatterer 
(one  exception  Is  the  case  of  a  point  dipole  located  at  the  tip  of  a  spheroid,  which  is 
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immediately  obtainable  from  a  more  general  form).  Even  under  this  restriction  the 
problems  of  accumulation  and  editing  are  non-trivial,  and  it  is  quite  possible,  not  to 
say  probable,  that  due  to  imperfect  information  or  inadvertent  bias  some  pertinent 
and  significant  work  has  been  slighted.  If  such  be  the  case,  all  due  apologies  are 
hereby  offered  and  amendments  invited. 

Another  question  which  must  be  faced  at  the  outset  is  the  nature  of  the  objectives 
of  a  compendium  of  this  type.  Certainly  it  cannot  be  e:!q)ected  to  supplant  the 
original  sources  completelj',  and  as  a  mere  catalog  of  these  its  purpose  might  best 
be  served  fay  brevity  and  reduction  to  concise  statements  of  conditions  and  results. 

On  the  other  hand,  in  the  emergence  and  analysis  of  new  problems,  conditions  and 
results  of  the  old  are  often  of  little  utility,  and  the  primary  interest  centers  on 
principles  and  techniques.  It  thus  appears  necessary  to  discuss  these  at  sufficient 
length  to  give  a  fairly  comprehensive  picture  of  the  state  of  the  art.  At  any  rate,  the 
question  of  the  optimum  degiee  of  detail  to  present  is  an  eternal  and  rather  delicate 
one,  and  in  a  treatise  of  this  length  the  maintenance  of  consistency  in  this  respect 
is  not  easy.  It  is  hoped  that  whatever  its  limitations,  the  account  which  follows  will 
serve  as  a  reasonably  complete  and  convenient  guide  to  existing  solutions  and  as  a 
catalyst  in  the  development  of  new  ones. 

An  adequate  historical  survey  of  the  spheroid  problem,  complete  to  the  date  of 
its  publication,  is  contained  in  Flammer's  treatise  on  Spheroidal  Wave  Functions 
(1957).  Since  then  several  important  advances  have  been  made,  notably  in  the 
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approximate  or  asymptotic  theories  for  high  and  low  frequencies.  In  the  former 
rimge  are-^e  geometrical  approach  of  Levy  and  Keller  (1959)  and  the  asymptotic 
solutions  of  Kazarinoff  and  Ritt  (1959)  for  the  not-too-thin  body,  and  of  Goodrich  and 
Kazarindff  (1%3)  for  the  thin  one.  In  the  latter  range  is  the  work  of  Senior  (1964), 
who  has  also  given,  a  coniprehensive  discussion  of  the  convergence  properties  of  the 
Ipwrfrequehcy  series  in  general  (Senior,  1961).  Also  of  interest  are  the  vector 
solutions  for  ’weak’scatterers  given  by  Shatilov  (1960)  and  Ikeda  (1963),  which  might 
be  considered  extensions  of  the  scalar  solution  of  Montroll  and  Hart  (1951).  Despite 
teese  contributions,  however,  there  is  much  to  be  done  before  the  spheroid  problem 
can  be  deemed  as  well  understood  as  that  of  the  sphere.  Since  the  work  of  Schultz 
(1950)  and  the  computations  based  on  this  by  Siegel  et  al  (1956),  virtually  no  progress 
has  been  made  in  the  solution  of  the  vector  problem  in  the  resonance  region.  All 
existing  techniques  either  break  down  completely  or  become  prohibitively  difficult 
or  tedious  in  this  region,  and  the  need  for  a  totally  new  approach  becomes  more  and 
more  apparent.  Asymptotic  solutions  which  hold  for  all  eccentricities  are  still 
lacking,  though  it  seems  possible  that  the  methods  already  developed  might  be  ex¬ 
tended  or  modified  to  cover  the  entire  range.  Experimental  data  are  also  strangely 
scarce,  not  only  in  the  resonance  region  but  at  all  frequencies.  The  few  curves  and 
points  which  have  been  assembled  here  are  the  meager  fruit  of  an  intensive  litera¬ 
ture  search,  and  include  some  unpublished  data  as  well,  e.  g.  certain  data  obtained 
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at  the  Ohio  State  University  Antenna  Laboratory  and  at  Cornell  Aeronautical 
Laboratory. 

One  of  the  principal  headaches  involved  in  the  general  speroid  problem  is  the 

I 

necessity  of  dealing  with  a  distinctive  set  of  special  functions^  known  logically  enougih 
as  spheroidal  functions.  These  have  investigated  quite  thoroughly  by  several  authors 
and  are  now  fairly  extensively  tabulated,  but  since  their  properties  depend  on  an 
additional  parameter  as  compared  with  the  spherical  functions,  and  since  there  are 
no  usable  recurrence  relations,  the  manipulation  and  computation  of  these  functions 
is  inevitably  a  nuisance.  The  first  section  of  the  next  chapter  deals  at  some  length 
with  these  functions  in  an  effort  (perhaps  futile)  to  make  them  appear  less  formidable 
to  the  uninitiated  and  thus  facilitate  the  absorption  of  the  accounts  which  follow.  A 
catalog  of  the  existing  numerical  tables,  listing  the  parameter  ranges  and  indices 
covered,  is  given  in  the  Appendix.  Another  source  of  grief  and  frustration  is  the 
wide  variety  of  notations  rampant  in  the  literature.  Little  can  be  done  at  this  stage 
to  standardize  the  notation  in  long -since -published  works,  but  at  least  we  can  give 
a  complete  account  and  comparison  of  two  of  the  most  common  systems  and  refer 
the  reader  to  a  fairly  adequate  table  of  these  and  the  rest  which  appears  in  Flam- 
mer  (1957).  The  remainder  of  this  report  is,  as  far  as  possible,  consistent  in  the 
use  of  one  of  the  systems  detailed. 

The  body  of  the  report  consists  of  three  distinct  components,  the  first  and  most 
extensive  consisting  of  a  largely  verbal  discussion  of  the  methods  and  principles 
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emplo3fed  in  the  various  solutions,  the  second  being  r-  tabulation  of  the  most  essential 
results  (here  again  a  subjective  judgement  is  implied),  and  the  third  containing  the 
graphical  representations  of  these  and  the  experimental  findings.  This  arrangement 
was  chosen  in  the  h(^e  that  it  might  increase  the  overall  legibility  and  maximize  the 

I 

ccMivenience  for  the  occasional  user.  The  admitted  disadvantages  are  perhaps 
mitigated  by  numerous  cross-references. 

The  author  is  indebted  to  a  number  of  colleagues  for  substantial  contributions 
and  support  in  the  production  of  this  report.  In  particular  the  sections  containing  the 
graphical  results  are  almost  entirely  the  work  of  Dr.  R.  E.  Kleinman,  whose  con¬ 
stant  advice  and  ample  assistance  were  also  instrumental  in  the  completion  of  the 
remainder  of  the  work.  It  is  a  pleasure  also  to  acknowledge  the  faithful  service 
of  Miss  K.  R,  Pushpamala,  John  Asvestas,  and  Soonsung  Hong  in  the  accumulation 
and  preparation  of  the  material,  and  the  patient  labor  of  Miss  Mary  Jane  Jahnke, 
who  typed  the  difficult  manuscript. 
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K 

WAVE -FUNCTION  SOLUTIONS 
2.1  MATHEMATICAL  BACKGROUND 
2.1.1  Spheroidal  Geometry 

The  georaetr3'  of  the  prolate  spheroidal  coordinate  system,  which  is  vital 
to  the  analj'tical  treatment  of  the  problems  we  are  to  consider,  is  given  in  detail  in 
many  standard  sources.  Unfortunately  there  is  no  uniformity  of  notation  and  the 
many  systems  in  use  represent  a  major  obstacle  in  the  assimilation  of  material  from 
the  different  sources.  We  will  present  here  a  fairly  detailed  account  of  two  of  the 
most  widely  used  systems  in  the  hope  of  providing  at  least  an  adequate  basis  for 
deciphering  the  others.  The  diagram  in  Fig.  1  shows  a  cross  section  in  the 
Cartesian  xz-plane,  and  the  cylindrical  symmetry  about  the  z-axis  completes,  the 
specification.  The  surfaces  C  =  cosh  p  =  const. ,  ri  =  cos  6  =  const.,  0  =  const,  are 
respectively  confocal  prolate  spheroids  of  major  axis  2a=2FC=2Fcoshp  and  minor 
axis  2b=2 F  y - 1  =2  F  sinh p,  two-sheeted  hyperboloids  (actually  one  sheet 
corresponds  to  a  positive  n,  the  other  to  a  negative),  and  azimuthal  planes 
originating  in  the  z-axis. 

The  two  representations  of  spheroidal  variables,  (?,  n,  p)  and  (p,  6,  0), 
are  both  prevalent  in  the  literature.  While  the  (?,  j?,  p)  notation  is  convenient  in 
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FIG.  1;  THE  PROLATE  SPHEROIDAL  COORDINATE 
SYSTEM. 
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one  respect,  in  that  a  single  symbol  represents  the  arguments  of  the  prolate 
spheroidal  functions,  the  (p,  0,  notation  is  convenient  in  another  respect, 
giving  rise  to  a  right-handed  system  of  coordinate  vectors  as  opposed  to  the  left- 
handed  system  associated  with  (f,  n,  0).  In  treating  scalar  problems  the  (C,  i?,  0) 
sj'stem  is,  perhaps,  preferable.  It  is  certainly  widely  used  and  will  be  in  the 
present  work.  Vector  problems  involving  spheroids  are  so  complicated  that  the  use 
of  the  (p,  6,  0 )  system  may  be  desirable  in  order  to  avoid  a  left-handed  system, 
but  most  of  the  literature  employs  the  (?,  H,  0)  variables,  and  the  present  account 
will  do  likewise. 

The  essential  relations  between  these  coordinates  and  the  Cartesian 


system  may  be  specified  by  the  following  forms: 


X  =  F  -1)(1  cos  0  =  F  sinh  p  sin  6  cos  0 
y  =  F  ||(?^  -1)(1  -  )  sin  0  =  F  sinh  p  sin  0  sin  0 

z  =  F?  r]  =  F  cosh  p  cos  0 

where  ranges  are  1  ^  ^  co,  -1  1,  0^  or  0^  p<co,  0^0  ^ir, 

0^0  ^27!'. 

Thus,  in  the  (?,,  ri,  0)  system. 


ax  "  F  -rf) 

an  _  -0  -1)(1 

ax  "  F  (§2  -  1^2) 


cos  0, 


cos  0, 


M.  _  i  iiiiiJJiLLlli)  sin 

dy  F  a 2  F(|2  -rf  ) 

M -ZR  lf(g^  -1)(1  -0^)  .  A  dr)  g(l  -n^) 


(g2-r]2)  az  F{?2-r72) 


ax  F  (g^-11^)  — ay  F 

^  _  sin  0  ^  ^  cos  0 _ ^  =  0 

F/Tg^  F  l((g2  -Dd-rT^) 
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and  unit  coordinate  vectors  are  related  as  follows: 


A  /l-rr  -  A  As  /  5^-1  ^  A  .  M  A 


?  sin  jd '5^  -  sin  0  +  cos  0 


A  I  -1  A  .  I  l-r?^  A 
‘z  -  tj‘ ” 


,A  ,  I  1  -1?^  _  .  -.A  ,  »C^-1  A 

and  1  -  -rTz:---: ;  ?  cos  p  i  +  rr-rrrzz  f  sm^  i  +  .-f^TTr  r?  i 


A  . 

1  =  - 

y 


-  sin  0  T  +  cos  0  T 
P  X  ^  y 


~  "  n  cos  0  ^ 

?2  _  „2  ^  X 


1?^  -  r?^ 


-1  .  I  U-r}2  A 

mznr  ji  sm  J)  i  +  ::-•  _  ? 

^^2  _  j^2  y  -  rj^  ^ 


Note  that  .^A  i^=-y  — 

The  metric  coefficients  are 


In  the  (fi,  6,  system 

dll  _  coshtt  sin0  cos0  du  _  cosht/  sing  sin  0  9ju  _  sinh  ti  cos  0 

9x  F(cosh^  /u  -  cos^0 )  ’  9y  F(cosh^/L/ -cos^  0)  ’  dz  F(cosh^  A/ -cos^  0) 

90  _  sinh  ju  cos 0  cos  0,  90  _  sinhu  cos 0  sin  0  9 0  _  -cosh  ii  sin 6 

9x  F(cosh^ /u  -  cos^  0 )  9y  F(cosh^  ju  -  cos^  0 ) '  9z  F(cosh^  ju  -  cos^  0) 

9^  =  -  s^n  0 _ ,  3^  ^  _  _ cos  _  90  _  Q 

9x  F  sinh/u  sin  0  9y  F  sinh  /u  sin  0  '  az 


I- 

As  in  the  preceding  reports  of  this  series,  a  unit  vector  will  always  be  denoted  by 
a  caret,  all  other  vectors  by  underlined  symbols.  Also  the  vector  product  will  be 
denoted  by  a  caret,  viz.  A  A  B ,  and  the  scalar  product  by  a  dot,  viz.  A  •  B  . 
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if  £  is  a  vector  function  of  position,  i.  e. , 


1  5  5  ^7]  ri  p  n  e  fi 


H  o  p 


V  Be  90'“^  “0 


h^  hg  [il  •’'0  '''o  *■  M  % 


Note  the  deliberate  omission  of  the  expression  for  in  terms  of  the 

(5»  'n,  P)  system.  This  is  done  because,  while  it  is  true  that  the  expressions  for 
Ip  and  V  •  fp  are  invariant  under  a  change  of  coordinate  definitio  the  expression 
for  V  A'P  given  above  is  not  identical  with  that  obtained  by  repl  cing  (/u,  0,  0)with 
(5,  0,  P).  That  is,  using  |  =  cosh  p,  >7=  cos  0,  ^„  =  t  (which  implies 

a 

ipg  -  ip  ) ,  and  i  =-i»  (which  implies  ip  =~4'a^  together  with  the  definitions  of  the 

metric  coefficients,  it  is  easily  demonstrable  that  the  expressions  forv</^  and  V*  4^ 
in  the  two  systems  are  identical.  However,  if  we  use  these  facts  to  rewrite  in  the 


(5.  P)  system  the  expression  for  a  P  given  above  we  find  that 
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VA  =  - 


“■ji  H 


(h  ^  )1 

7)  ^ri'J 


A 

h 


[a0^^C  '  a? 

■»  r 

taF  \  ^r}  ~  3^  * 


Had  we  calculated  V  A  ^  directly  in  the  €,  J?,  jD )  system  using  the  general  ex¬ 
pressions  relating  orthogonal  coordinate  systems  (e.  g.  Magnus  and  Oberhettinger  • 
p.  145)  we  would  obtain  the  negative  of  the  above  expression.  The  reversal  of 
sense  is  a  manifestation  of  the  left  handedness  of  the  (C,  J9,  system.  While  there 
is  nothing  inherently  incorrect  in  the  consistent  use  of  a  left  handed  system,  there 
is  an  increased  probabilitj’  of  error  when  results  e^qpressed  m  a  left  handed 
system  are  compared  with  or  transformed  into  right  handed  expressions. 

2.1.2  Spheroidal  Functions 

The  scalar  Helmholtz  equation  i//  =  0  written  explicitly  in 

the  (?,  T],  0)  coordinate  system  becomes 


(5* -DU -if) 


+  c2(?2 


-if^ 


0=0 


(2.1) 


where  we  have  set  kFs  27t  F/Xs  c,  X  being  the  wavelength.  The  separation  of  this 
equation  is  accomplished  in  the  usual  way  by  setting 

0(C,  0,  0)  =  U(?)  V  (1?)  W  (j8) 


and  the  resulting  ordinary  differential  equations  may  be  written 


E 


if  -  1) 


A 

dr? 


/I  2  V  dV 

(1  -rin— 


d?J 

dV 

dr?_ 


-nZ 


mn 


mn 


-c^  r?^  - 


M 


U  =  0 


v  =  o 


(2.2) 

(2.3) 
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aud 

r 

^  +  m2  W  =  0  (2.4) 

where  m  and  \  are  the  two  separation  constants.  The  functions  W(0)  are  thus 
mn 

the  expected  trigonometric  or  ejqjonential  functions,  and  the  necessity  of  a  single - 

valued  representation  for  the  field  dictates  that  m  be  an  integer.  Specification  of 

the  X  is  more  complicated  and  will  be  dealt  with  presentlj\ 
mn 

The  theory  of  the  spheroidal  functions,  which  are  the  eigenfunctions  of  the 
second  order  linear  ordinary  differential  equations  (2.2),  (2.3),  is  now  fairly  com¬ 
prehensive,  and  it  is  not  the  function  of  this  report  to  elucidate  this  in  its  entirety. 
The  reader  is  referred  to  Stratton  et  al  (1956),  Meixner  and  Schafke  (1954),  and 

j 

Flammer  (1957)  for  more  detailed  accounts.  We  will  limit  the  present  treatment 
to  a  short  account  of  the  general  properties  which  relate  thebe  functions  to  the  other 
prin:*’pal  families  of  special  functions  and  which  are  needed  in  the  applications  that 
follow. 

The  hierarchy  of  second  order  differential  equations  to  which  that  of  the 
spheroidal  functions  most  properly  belongs  (it  is  clear  that  the  two  equations  (2.2), 
(2.3)  are  essentially  the  same,  the  only  difference  being  in  the  range  of  the  inde¬ 
pendent  variable),  is  headed  by  Hill’s  equation,  which  is  written 

+  p(z)  u  =  0  (2.  5) 

dz^ 
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where  p(z)  is  any  real  periodic  function  of  z  which  can  be  expanded  in  a  convergent 
Fourier  series.  If  this  is  specialized  b\'  setting 

p(z)  =  c^  +  c^  (sn  +  c^  (sn  z )  (2. 6) 

the  result  is  a  form  of  the  Lame  wave  equation,  which  results  from  the  separation 

i 

of  the  Helmholtz  equation  in  general  ellipsoidal  coordinates.  Here  sn  z  is  a 
Jacobian  elliptic  function  and  if  its  modulus  becomes  unity,  corresponding  to  de¬ 
formation  of  the  elliptic  system  into  a  prolate  spheroidal  one,  then  sn  z — >  tanh  z, 
and  the  transformation 

tanh^  z  =  1  - 

reduces  (2.5)  to  the  form  (2.2).  One  may  note  that  in  the  static  limit,  i.e.  as 
k— »  0,  equation  (2. 5)  with  p(z)  as  in  (2. 6)  still  retains  its  ellipsoidal  character,  and 
its  solutions,  when  properly  restricted,  are  the  Lam6  functions,  or  ellipsoidal 
harmonics.  On  the  other  hand,  in  the  same  limit  equations  (2. 2),  (2. 3)  become 
essentially  the  equation  of  Legendre  so  that  the  spheroidal  harmonics  are  ex¬ 
pressible  directly  in  terms  of  Legendre  functions. 

One  further  specialization  might  be  mentioned.  The  constants  c  ,  c  ,  c  ,  in 

1  2  » 

(2.6)  for  the  ellipsoidal  system  are  such  that  if  the  modulus  of  sn  z  approaches  zero 
then  c^ — >0,  and  if  c  ,  which  depends  on  both  this  modulus  and  k,  remains  con- 
stant,  the  result  is  a  form  of  Mathieu’s  equation,  which  governs  the  wave  functions 
of  the  elliptic  cylinder.  Another  form  of  this  equation  is  obtainable  from  the 
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spheroidal  equations  (2.2),  (2. 3)  if  the  separation  constant  is  set  equal  to  1/4. 
The  complete  theorj*  of  Mathieu  functions  can  thus  be  derived  as  a  special  case  of 
the  genei'al  theory  of  spheroidal  functions. 

The  general  properties  of  the  spheroidal  functions  themselves  are  best  dis¬ 
cussed  in  terms  of  the  singularities  of  the  differential  equation  (2. 2),  which  will  be 
taken  as  the  prototype  for  all  the  functions  required.  The  singularities  are  regular 
ones  at  f  =+  1,  each  with  indices  +  and  an  irregular  one  at  C  =oo.  In  any  region 
excluding  these  points,  the  solutions  of  (2.2)  are  analytic  functions  of  the  four 
quantities  j  and  of  order  no  higher  than  1/  2  in  terms  of  the  last 

three.  As  noted  above,  the  necessity  for  single -valuedness  of  the  functions  W(^) 
restricts  the  values  of  m  to  the  integers,  and  for  each  m  a  fundamental  system  of 
solutions  is  easily  established  in  the  neighborhood  of  each  singularity  based  on 
some  prescribed  initial  conditions  at  an  arbitrary  regular  point.  In  the  work  of 
Meixner  and  Schafke  (1954)  the  use  of  Floquet's  theory  in  the  neighborhood  of  (X> 

leads  to  the  establishment  of  a  fundamental  system  U  (?),  U  (?)  such  that 

12 

U  (?e^'‘)  =e*^^U  (?),  U  =e  U  (?),  for  certain  values  of  v,  and 

1  1  2  2 

the  general  solution  then  has  the  property  U(?  e^^)  (?)  .  The  quantity  v  is 

called  the  characteristic  exponent,  and  its  permissible  values  are  determined  by 
the  condition  that 

1 

sin  1/  TT  =  ~ 

^  1 
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where  C  is  an  arbitrarj-  point  where  the  initial  values  are  specified,  so  that  for  each 
o 

set  of  values  c  and  m  there  is  a  denuuierably  infinite  set  of  allowable  values  of  1/ ,  | 

and  a  corresponding  set  of  eigenvalues  X  .  The  eigenfunctions  we  have  to  deal 

nu/ 

with  are  thus  a  doubty  infinite  set  with  indices  m  and  v ,  the  former  indicating  the 
order  and  the  latter  the  degree.  For  most  of  the  applications  which  follow,  it  is 
required  that  the  functions  be  finite  at  the  singularities  of  the  differential  equation 
C  =  +  1,  and  by  analogy  with  the  Legendre  functions,  to  which  the  spheroidal  functions 
must  reduce  in  the  static  limit,  the  index  v  must  be  an  interger  >  m.  (An  ex¬ 
ception  to  this,  however,  will  be  noted  in  the  next  chapter. ) 

No  legitimate  recurrence  relations  (i.  e.,  formulas  which  relate  two  or 
more  contiguous  functions  in  terms  of  coefficients  which  do  not  involve  other 
spheroidal  functions)  are  as  yet  <nown,  and  the  nature  of  the  differential  equation 
(2.2)  precludes  their  establishment  by  the  usual  techniques.  However,  the  ex¬ 
pansion  of  the  functions  in  terms  of  other  known  eigenfunctions  of  simpler  equations, 
e.  g. ,  Bessel,  Gegenbauer,  Legendre,  etc.,  yields  three -term  recurrence  re¬ 
lations  for  the  expansion  coefficients,  and  these  form  the  basis  of  most  numerical 
treatments  of  the  functions.  The  coefficients  necessarily  involve  the  eigenvalue 

X  ,  and  convergence  of  the  series  implies  the  convergence  of  a  certain  continued 
mn 

fraction,  or  equivalently  the  vanishing  of  an  infinite  determinant,  which  furnishes  a 

transcendental  ecation  that  may  be  used  to  determine  X  explicitly.  A  more 

mn 

detailed  account  of  the  procedure  follows  presently. 
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It  is  apparent  that  the  functions  of  interest  must  be  either  even  or  odd 
about  the  origin.  This  follows  from  the  fact  that  since  the  indices  at  the  singulari¬ 
ties  5  =  +  1  are  + —  ,  no  two  solutions  which  are  finite  at  both  these  points  can  be 
2 

linearly  independent,  and  the  continuity  of  the  function  and  its  derivative  at  the  origin 
then  requires  that  U(-C)=+ U(?). 

The  convergent  representation  of  the  solutions  of  (2. 2)  over  the  entire 
infinite  range  of  the  independent  variable  requires  at  least  two  distinct  expansions . 
For  the  range  |  C  |  ^  for  which  equation  (2. 3)  is  the  appropriate  form,  an  ex¬ 
pansion  in  the  Legendre  functions  P™  (i?)  is  indicated,  and  since  the  range  is  that  of 
the  angular  variable  r),  the  corresponding  solutions  are  called  angle  functions  and 

will  be  denoted  hereafter  by  the  symbol  S  (c,  n).  The  angle  functions  are  aclualiv 

mn 

of  two  kinds,  those  which  are  finite  at  17=+  1  and  those  which  become  infinite  there; 
the  latter  are  of  no  utility  in  the  physical  problems  to  be  considered,  and  we  limit 
our  discussion  to  the  former,  remaiking  only  that  there  are  analogous  ejq)resf>ions 
for  the  latter  involving  the  Legendre  functions  Q|^(n). 

We  write  then 


00  / 

S  (c,rj)=  V]  d"^''(c)p"^^  {in)  (2.7) 

mn  ‘-TT* ,  r  m  +  r 

r  =  0,  1 

where  the  prime  indicates,  as  always  hereafter,  that  the  summation  index  runs  over 
the  even  or  odd  integers  according  as  n  -  m  is  even  or  odd.  Substitution  of  this 
expansion  in  the  differential  equation  (2.3),  followed  by  application  of  the 
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differential  equation  and  recurrence  relations  for  the  Legendre  iimctions  , 
gives  the  following  recurrence  formula  for  the  expansion  coefficients  d^  \c/; 


i221±I±M2ia±il±ii“^  d™"  (c)  +  r(m+r)(m+r+l)-X  (c)  + 

(2ra+2r+3)(2m  +  2r+5)  r+2 '  '  L'  '  mn  ' 

2(m-fr)(m  +  r+l) -2m^  -1  2I  _ r(r  - 1) c^ _  ,mn 

(2m  +  2r)(2m  +  2r+3)  r  (2m  +  2r-3)(2m+2r-l)  r-2 


(2.8) 

d”™”  (c)=0,  (r>  0) . 


There  are  two  non-trivial  solutions,  i.  e.  sets  of  coefficients  which  satisfy  this 

family  of  equations,  only  one  of  which,  however,  yields  a  convergent  series  in  (2.  7), 

and  in  this  one  the  ratio  d*”*^/d™“  approaches  zero  as  -c^/4r^.  Rewriting  (2.  8) 

r  r-2 

in  terms  of  this  ratio,  iterating  for  the  requisite  range  of  values  of  r,  and  applying 

the  above  condition  as  r->oo  and  the  fact  that  d”'*^  =  0  for  r<0,  3’ields  finally  the 

r 

transcendental  equation  for  X  (c)  mentioned  earlier.  Once  this  quantity  is  de- 

mn 

termined,  the  expansion  coefficients  may  be  computed  in  terms  of  an  arbitrary 
initial  value  and  the  resulting  series  (2.  7)  will  converge  absolutely  for  all  finite 
values  of  rj.  In  practice  the  solution  of  the  transcendental  equation  for 
usually  accomplished  by  an  iterative  procedure  using  a  first  approximation  given  by 
a  power  series  representation  in  the  variable  c^,  the  first  few  coefficients  of  which 
are  given  in  the  standard  literature,  e.g.  Flammer  (1957).  The  arbitrary  value 


The  analogous  treatment  of  the  functions  of  the  second  kind  requires  the  definition 
of  non-vanishing  coefficients  d|]^n  with  0  <  r  <  2m  (see  Flammer,  1957).  No 
ambiguity  results,  however. 
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mentioned  above  determines  the  normalization  of  the  functions,  and  this  will  be 
fixed  in  the  present  work,  as  in  that  of  Flammer  and  others,  by  the  stipulation  that 

S .  (c,  0)  =  P^'CO)  for  n  -  m  even  and  ~  S  (c,  0)  p”*  (0)  for  n  -  m  odd,  with 

mn  n  dn  mn  dn  n 

the  result  that 


n  -m 


®  '  (-1)  V+2m)I  d*”*' 

r 


E 


(-1) 


(n+m)I 


for  (n  -  m)  even  (2. 9) 


r-1 

®  ’  (-1>  ^  (r+2m+l)! 


n-m-1 


E" 


(-1) 


(n+m+l) 


for  n-m  odd.  (2.10) 


The  general  Sturm -Liouville  theory  provides  that  the  functions  S  (c,  n)  for  fixed 

mn 

m  are  orthogonal  over  the  interval  -1  <  J?  <  1  and  the  normalization  factor  N  is 

mn 

easily  found  to  be 


CO 


N 


mn  mn 


[s  (c,b)l^  dr7  =  2  7  , 

L  mn  J  ' 


r=0, 1 


(r+2m)l  {d^y 
_ r 

(2r+2m+  l)rl 


(2.11) 


The  index  m  is  in  general  positive,  but  if  the  exponential  form  of  the  p  -  dependence 
is  used,  it  may  assume  negative  values  also,  and  the  corresponding  angle  functions 
are  related  to  those  v.’ith  m  >  0  by  the  form 


,  .  ,  ,,m(n-m)!  , 

S  (c,  ?«=(-!)  j—, — ^  S  (c,  n) 

-mn  (nrm)I  mn 


(2.12) 
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Useful  representations  for  the  rai^e  C  >  1,  i.e.,  for  solutions  of 
equation  (2. 2),  can  be  obtained  now  from  the  form  (2.  7)  by  utilizing  the  fact  that  any 
solution  of  the  Helmholtz  equation  forms  a  suitable  kernel  for  an  integral  repre¬ 
sentation  of  one  of  the  separated  solutions  in  terms  of  another  (cf.  Morse  and 

Feshbach,  1953,  p.  636).  If  we  choose  as  the  kernel  the  function 

m. 

2 

K(C. 

multiply  this  by  S  (c,  n)  and  integrate  between  limits  such  that  the  bilinear  con- 
mn 

comitant  vanishes  at  both,  the  result  is  a  solution  of  equation  (2. 2)  with  independent 

variable  which  is  called  a  radial  function  and  will  be  denoted  hereafter  by 

R  (c,  ?).  Examination  of  the  bilinear  concomitant  shows  that  there  are  three 
mn 

possible  sets  of  limits,  namely  -1  and  1,  i  oo  and  1,  -1  and  i  oo.  Substitution  of  the 

expansion  (2.  7)  for  S  (c,  r?)  followed  by  use  of  the  differential  definition  of  the 

mn 

associated  Legendre  function  (vD  and  an  r  -  fold  integration  by  parts  leaves  us 
with  integrals  of  the  form 


J 


ic^r}  .m  +  r, 
e  (l-n)  dr) 


a 

and  when  a  and  b  are  replaced  by  the  above  three  sets  of  limits,  these  integrals 
can  be  evaluated  in  terms  of  spherical  Bessel  functions.  We  are  thus  led  to  the 
expansions 
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2  1X^/2 


P_  -1) 
mn  (cC)™ 


.mn  .r  (2m+r)i  (I)  , 

d  1  - ; — ^  z  (c?) 

r  rl  m+r 


(2, 13) 


r  =  0,l 


where  is  one  of  the  four  spherical  Bessel  functions  j  ,  n  ,  +in  , 

n  n  n  n  n  n 


h  =j  -in,  accordingly  as/ =1, 2, 3, 4,  The  normalization  factor  p  is  arbitrary, 
n  n  "  mn 


and  following  Flammer  (1957),  we  specify  it  as 


.m-n  m  \  i  ’  , 
=  1  c  >  d 

L^ri 


mn  (2m-fT)I 
r  rl 


(2. 14) 


which  gives  the  radial  functions  the  same  asymptotic  behavior  as  the  corresponding 


[spherical  functions  for  large  argument,  i.e. 


(c, g)  •  •  >  cos[cC-7(n+l7r)'],  etc’ 

mn  § — >  CD  c?  L  2  J 


(2.15) 


With  this  normalization  the  Wronskian  of  the  first  two  tjpes  is  easily  found  to  be 


A  (1,2)  -  • 


(2.16) 


If  the  region  of  definition  of  either  the  angle  function  S  or  the  radial  function 

mn 

(/) 

R  is  extended,  with  proper  adjustment  of  the  phase  of  any  radical  involved,  it 
mn 

becomes  apparent  that  for  some/,  the  two  functions  must  be  linearly  dependent. 
With  the  definitions  established  above,  we  can  thus  write 


S  (c,  z)=k^^^  (c)  (c,  z) 

mn  mn  mn 


(2.17) 


The  statement  prevalent  in  the  literature  that  this  limit  obtains  as  c?— >00  is  not 
correct.  For?  >  1  and  c — ^00  the  behavior  is  otherwise  (see  Silbiger,  1961). 
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with  a  similar  e^qpression  relating  the  second  type  of  angle  function  mentioned 

earlier  to  (c,  z).  The  constants  of  proportionality  or  joining  factors  (c) 
mn  mn 

may  be  found  in  terms  of  the  coefficients  d™**  b3'  comparing  the  functions  or  their 

derivatives  at  z  =  0.  For  the  functions  of  the  second  type,  a  Laurent  series  may  be 

developed  in  the  region  1  <  z  <  oo  and  the  coefficients  of  like  powers  of  the  variable 

equated.  The  forms  thus  obtained  are  given  in  the  standard  literature  and  will  be 

deferred  here  until  required. 

Many  other  representations,  characterizations,  approximate  forms,  etc. , 
are  known  for  the  spheroidal  functions,  but  it  is  doubtful  whether  our  present  pur¬ 
poses  would  be  served  by  dwelling  on  them  at  this  point.  The  reader  is  referred  to 
the  sources  mentioned  above  and  to  others  cited  in  later  sections.  We  close  this 
section  with  a  few  general  remarks  which  may  contribute  to  the  overall  perspective. 

To  date  it  has  not  proved  possible  to  find  any  elementary  integral  ex¬ 
pressions  for  the  spheroidal  functions,  i.  e.  expressions  of  the  individual  functions 
in  terms  of  definite  integrals  involving  only  elementary,  or  even  only  simpler  func¬ 
tions.  They  can  however  be  characterized  as  solutions  of  linear  homogeneous  in- 


;  tegral  equations  of  the  form 


f(z)  =\  K(z,  z’)f(z')dz’ 


(2.18) 


where  the  kernel  K(z,  z')  involves  only  more  elementary  functions,  as  illustrated 


above  in  the  derivation  of  the  expansion  for  the  radial  functions.  Other  permissible 
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kernels,  most  of  them  involving  Bessel  functions,  are  given  in  the  references  al¬ 
ready  cited.  Use  of  kernels  involving  spheroidal  functions  has  yielded  a  number  of 
definite  integrals  of  products  of  these  functions,  see  for  example  Chako  (1955). 

Other  useful  representations  which  are  developed  at  length  in  the 
literature  include  power  series  expansions  about  the  origin  and  about  the  singulari¬ 
ties  +  1.  In  the  appropriate  ranges  of  the  independent  variables,  these  are  more 
convenient  for  computation  than  the  expansions  given  above.  For  the  regions  of  low 
frequency  or  small  eccentricity,  certain  expansions  in  powers  of  the  parameter  c 
have  been  derived,  though  the  range  of  convergence  of  these  is  in  general  quite 
limited.  This  question  has  been  examined  by  Senior  (1961).  Asymptotic  forms  valid 
for  large  c  are  also  available  and  can  be  used  to  advantage  in  the  high  frequency 
ranges.  These  are  in  general  based  on  the  parabolic  cylinder  or  Whittaker  functions^ 
whose  equation  the  spheroidal  equations  resemble  in  the  limit  of  large  c.  However, 
there  are  still  regions  in  the  frequency-eccentricity  space,  which  cannot  be  treated 
conveniently  by  any  of  the  representations  known  at  present.  These  will  be  dis¬ 
cussed  in  a  later  section. 

The  lack  of  legitimate  recurrence  relations  for  the  spheroidal  functions 
was  mentioned  earlier.  A  number  of  so-called  recurrence  relations  of  the  Whit¬ 
taker  type  are  indeed  known,  but  the  coefficients  which  multiply  the  neighboring 
functions  contain  integrals  involving  other  spheroidal  functions,  which  are  in  general 
intractable,  and  the  formulas  have  so  far  been  of  little  utility. 
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The  theory  outlined  in  this  section  has  been  based  exclusively  on  the  so¬ 
lution  of  the  scalar  Helmholtz  equation.  The  treatment  of  vector  problems  of 
course  requires  numerous  additional  concepts  and  derivations  in  most  of  which, 
however,  the  scalar  solutions  are  intimateh'  involved.  The  vector  solution  will 
form  a  separate  section  of  this  chapter. 

2.2  SCALAR  SOLUTIONS 

2.2.1  Scalar  Green’s  Functions 

We  turn  now  to  the  solution  of  a  certain  class  of  problems  which  might 
be  interpreted  physically  as  the  scattering  or  radiation  of  time-harmonic  sound 
waves  in  a  homogeneous,  isotropic,  non-dissipative  medium,  by  a  closed  prolate 
spheroidal  surface  with  various  types  of  boundary  Cv>ndition.  The  technique  used  is 
the  straightforward  (if  sometimes  tedious)  metaod  of  formally  expanding  the 
requisite  field  quantities  in  series  of  the  appropriate  eigenfunctions  (in  this  case  the 
spheroidal  functions  discussed  in  the  previous  section),  and  determining  the  ex¬ 
pansion  coefficients  by  application  of  the  boundary  conditions  at  the  surface  and 
(if  necessary)  at  infinity.  The  resulting  solutions  will  be  referred  to  as  ’exact', 
primarily  to  distinguish  them  from  the  various  approximate  results  to  be  taken  up 
later  on.  It  is  understood,  of  course,  that  since  these  'exact'  solutions  contain 
infinite  series,  their  exactitude  depends  on  the  convergence  properties  of  these 
series  and  in  any  practical  sense,  i.  e.  in  the  absence  of  a  virtually  infinite  com¬ 
putational  capacity,  the  achievable  accuracy,  particularly  in  the  optics  region,  may 
be  far  less  than  that  given  by  a  suitable  approximate  technique. 
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Because  of  the  orthogonality  of  the  angular  functions  of  both  the  J?  and 
P  variables,  the  procedures  required  here  are  no  more  complicated  than  those  used 
in  the  case  of  the  sphere,  and  the  forms  of  the  resulting  solutions  are  directly 
analogous.  The  completeness  of  the  angle  functions,  which  was  not  specified  in  the 
previous  section,  follows  from  that  of  the  spherical  harmonics  by  a  fairly  simple 
argument  (cf.  Siegel  et  al  19o3). 

For  problems  of  scattering  or  diffraction  in  which  the  energy  is  supplied  by 
a  source  exterior  to  the  spheroid  the  discussion  will  he  limited  to  the  case  of  an 
elementary  point  source  at  an  arbitrary  location.  This  includes  the  plane  wave  with 
arbitrary  direction  of  propagation  as  a  limiting  form.  The  more  complicated  case 
of  a  dipole  source  will  be  considered  later  in  this  section  when  certain  electro¬ 
magnetic  problems  which  are  essentially  of  a  scalar  nature  are  taken  up.  The 
boundary  condition  for  the  scalar  problem  is  in  general  the  vanishing  of  a  linear 
combination  of  the  field  quantity,  which  is  usually  the  sound  pressure  or  velocity 
potential,  and  its  normal  derivative  on  the  scattering  surface.  The  particular 
cases  of  the  Dirichlct  condition  (where  the  function  itself  vanishes  and  the  surface  is 
termed  'soft’)  and  the  Neumann  condition  (where  the  normal  derivative  vanishes 
and  the  surface  is  called  'hard')  are  both  obtainable  by  specializing  the  coefficients 
in  this  linear  combination. 

The  solution  for  an  elementary  source  with  any  of  these  boundary  con¬ 
ditions  is  properly  termed  a  Green’s  function,  and  its  derivation  follows  the  standard 
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procedures  given  in  any  text  on  mathematical  physics.  In  terms  of  the  spheroidal 
coordinates  specified  in  the  previous  section,  the  field  strength  at  the  point  r(?,rj,0) 
due  to  the  unitsourceat  the  point  ]^(Ci,i7i,0i),i.e.  the  free-space  Green’s  function"^  is 


iklr-r 
;  -1 


f.(r)=G^(r,r,)= 


This  is  then  the  solution  of  the  inhomogeneous  wave  equation 

G+k^  G  =  6(r-  r  ) 


(2. 19) 


(2.20) 


where  the  right  hand  side  is  the  Dirac  delta  function,  which  vanishes  except  at 

and  whose  volume  integral  over  the  entire  space  is  unity.  At  large  distances 
from  the  source,  ip  represents  a  spherically  diverging  wave,  in  accordance  with  the 
well-known  Sommerfeld  radiation  condition,  which  is  one  of  the  boundary  conditions 
necessary  to  determine  the  solution  of  any  such  problem  uniquely.  Since  the  quantity 
£^  )  is  symmetrical  in  r  and  r  ^  and  satisfies  the  homogeneous  wave  equation  I 
at  all  points  except  £  =  r^,  the  standard  theory  for  such  equations  permits  us  to  write 
almost  immediately  the  formal  expansion  (cf.  for  example,  Morse  and  Feshbach, 


1953) 


G  (r,  r  ) 
o  -  ~i 


(?,  n,  p;  p^) 


(2.21) 


Ea  s  (c,  n)s 

mn  mn  mn 

-  m,  n 

The  harmonic  time  dependence,  e 
all  field  quantities. 


(c,  p  )cosm(0  -0  )R^^  \c,§  / 

1  mn  <  m.n  ^ 

,  is  assumed,  and  this  factor  is  deleted  from 
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where 


I  =  «  for  «  ^ 

5,  C^<  5 


and  conversely  for  . 

The  occurrence  of  r'  ’  rather  than  r'  ^  is  a  direct  consequence  of  the  form  of 

radiation  condition  dictated  by  the  choice  of  time  dependence,  lim  r  ~  -ikd  =0. 

r-»<x>  l_9r  J 

By  integrating  both  sides  of  equation  (2.21)  over  a  vanishingly  small 

interval  in  §  about  the  point  and  making  use  of  the  orthogonality  of  the  functions 

of  n  and  t,  the  coefficients  A  are  found  to  be 

^  mn 


ike 


m 


mn  27r N 


mn 


where  e  is  the  Neumann  number,  defined  as 
m 

e  =1  for  m  =  0 
m 


e  =2  for  m  =  1,  2,  3 
m 


and  N  is  the  normalization  integral  given  in  equation  (2. 11). 
mn 

The  analogous  form  for  the  total  field  exterior  to  a  spheroidal  boundary 
to  which  the  source  is  also  exteri,,r  can  be  obtained  from  (2.21)  by  simply  adding  a 
symmetric  function  of  the  source  and  observation  points  such  that  the  total  field 
satisfies  the  boundary  condition  specified  on  the  spheroid.  We  consider  here  a 
linear  homogeneous  mixed  boundary  condition  of  the  form 
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(2.22) 


where  ^  is  the  total  field  due  to  the  point  sour^  in  the  presence  of  the  spheroid 
9  19 

§  and  —  is  the  normal  derivativ^e,  ~  ~  .  The  Green’s  function  satisfying  the 
condition  (2. 22)  is  then  written 


G{r,r  )=— ^^  S  (c,  p)S  (c,  rj  )cosm(p -p  ) 

-  "1  27r  Z _ I N  mn  mn  i  i 

mn 


m,  n 


)  Tr^^^Cc,?  )-C  R^^\c,g  ) 

mn  >  [_  mn  <  mn  < 


and  constant  is  found  by  subjecting  G  (or  more  specifically,  the  quantity  in  the 
brackets  in  G)  to  the  conditions  in  (2.22).  Thus,  we  obtain 


>7> safe'll) cos ra()J-ij,  ) 


m,  n  mn 


<“■«>> 


R^^Nc,?  J 

mn  <v 


)+/3^R^^\c,C).  ^ 

mn  o  9n  mn  o 


(2.23) 


The  solutions  for  Dirichlet  and  Neumann  boundary  conditions  follow  immediately  on 
setting  /3  and  o  respectively  equal  to  zero. 

The  solution  for  plane  wave  incidence  is  also  obtainable  from  (2.23)  by 
letting  the  source  point  recede  to  infinity  in  some  arbitrary  direction  specified 
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by  the  spherical  coordinates  0^,  The  resulting  behavior  of  the  affected 
quantities  in  (2.23)  is  as  follows: 

rj^  — >  cos  0^,  where  0^  is  tlie  polar  angle. 


C  — >  00,  (c,  C  ) 

1  mn  1 


i(c  -(n  +  1)^)  ikr 


c€ 


kr. 


(-i) 


n-5'1 


cCj~>  kr^  where  r^  is  the  distance  of  the  source  from  the  origin . 

The  expression  for  the  total  field  must  be  renormalized,  i.e.  multiplied  by  the 
—ikr 

factor  re  l  :n  accordance  with  the  usual  plane  wave  representation,  and  the 
1 

final  result,  which  is  no  longer  properly  termed  a  Green’s  function,  but  which  in 
consideration  of  its  similarity  to  the  previously  derived  expressions  we  might  denote 
by  the  symbol  G^,  is  the  form 

00  00  e 

e^,0j)=2  ^  Y]  S^n(c,n)S^^(c,  cos0^)cosm(0-0i) 


m  =o  n  =  m 


mn 


mn  /  \  _  /  \  \0, 

OR  (c,  ?  )+p— R  (c,  ?  ) 
mn  o  9n  mn  o 


(2.24) 


One  further  specialization  is  worth  noting  here.  If  the  source  is  re¬ 
stricted  to  the  axis  of  symmetry  of  the  scatterer,  then  0^  “  ^  disappears. 

From  the  representation  (2.  7)  of  the  angle  functions  and  the  well  known  properties 

of  the  Legendre  functions,  it  follows  that  S  (c,  1)  =  0  for  m  >  0.  Oru.  of  the 
°  mn 


30 


THE  UNIVERSITY  OF  MICHIGAN 

3f.48-6-T 


summations  in  {  2.21)  thus  disappears  along  with  the  ^-dependence  and  the  resulting 


form  is 


-1  00  . 

-ik  r — I  1 


G  (c,  n;  C  ,  1)  {c,r))S  (2.25) 

o  1  2;r  Z_j  N  on  on  on  <  on  > 


n=o  on 


and  the  same  modifications  obtain  in  the  e3q)ressions  for  G  and  .  If  the  obser¬ 
vation  point  is  in  the  far  zone,  the  asymptotic  forms  for  (c,C)  or  R^^^  (c,  C) 

mn  mn 

may  be  used  in  (2.25)  and  further  simplication  will  result.  The  specific  forms  are 
presented  in  section  4. 1. 

The  standard  problems  of  radiation  from  a  spheroid  can  be  handled  in 
similar  fashion.  Here  the  incident  field  is  absent  and  the  boundary  condition  is 
inhomogeneous.  A  mixed  linear  boundary  condition  similar  to  (2.22)  is  generally 
enough  to  include  most  problems  of  practical  interest  and  we  outline  the  procedure 
briefly,  deferring  specific  cases  for  later  treatment 
Suppose  that 


00  +  P 


=  F(n,p) 


(2.26) 


where  F  is  sufficiently  well-behaved  so  that  it  can  be  expanded  in  a  double  series 

of  the  surface  wave  functions  S  (c,  rfl  cos  m  0.  Then  we  write 

mn 


F{ri  0)  =  ^  '  A  S  (c,  rj)  cos  m  0 
^ — I  mn  mn  ^ 


(2.27) 
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and  from  the  orthogonality  of  the  angle  functions,  the  coefficients  are  given  by 

1  \~ 

A  (c)=;^ — TTTT - C  /  F(37,  ,'^)S  (c,  n)cos  dr?d^  (2.28) 

mn  N  6  )n  I  mn 


mn  om 


-1 


The  radiated  field  r],  is  e:q)anded  in  the  same  manner  as  before. 


0(€,  n,  0)=  yB 

Z _ I  mn  mn 


(c,^)S  (c,  )7)cosm0 

mn  ^ 


(2.29) 


m,  n 

and  subjected  to  the  boundary  condition  (2. 26),  and  since  the  angle  functions  are 

linearl}'  independent  we  can  immediately  equate  the  coefficients  of  the  functions 

S  (c,  1?)  cos  m  0  to  give 
mn 


B  =A  (c,?  )  +  (c,?  ^  (2. 

mn  mn  L  mu  o  8n  mn  oj 

The  obvious  specializations  of  this  result  may  be  carried  out  as  in  the  previous 

forms. 


2.2.2  Pseudo-Scalar  Problems 

The  formulas  developed  in  the  preceding  paragraphs  are  sufficient 
for  most  problems  involving  the  scattering  or  radiation  of  a  time-harmonic  scalar 
field  by  a  spheroid  of  fairly  arbitrary  si..rface  characteristics  or  behavior.  We  now 
wish  to  show  how  they  can  also  be  used  to  solve  a  limited  class  of  vector  problems 
in  which  the  vector  field  is  essentially  characterized  by  a  single  scalar  quantity.  As 
will  be  seen,  the  scalar  problems  involved  are  of  interest  only  in  connection 
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with  the  vector  problem  from  which  they  are  derived.  Hence,  the  designation 
’’pseudo-scalar"  will  be  used  to  distinguish  them  from  scalar  phj'sical  problems. 

The  general  vector  problem  is  that  of  finding  the  electric  and  magnetic 
field  vectors,  E  and  H,  external  to  a  prolate  spheroid  in  the  presence  of  any  of 
various  incident  or  primary  fields.  Our  attention  will  be  largely  restricted  to 
bodies  which  are  either  perfect  dielectrics  or  perfect  conductors,  imbedded  in 
homogeneous,  isotropic,  perfectly  dielectric  media  of  permeability  ,u  and  per¬ 
mittivity  €  .  In  MKS  units  the  homogeneous  Maxwell  equations  which  govern  the 
behavior  of  the  field  quantities  at  all  ordinary  points  in  space,  are  written 

V A  E  -  i  u  p  H  =  0 

VAH-f-iweE=0  (2.31) 

V  •  E  =  V-  H  =  0. 

The  expression  of  Maxwell’s  equations  or  the  concomitant  vector  wave 
equations  in  the  spheroidal  coordinate  system  results  in  a  set  of  three  partial 
differential  equations  in  the  components  of  either  the  electric  or  the  magnetic  field 
vector,  each  of  which  contains  all  three  components  (cf.  Page,  1944),  and  the 
simultaneous  solution  of  these  is  in  general  impractical.  The  solution  of  the  general 
vector  problem  must  accordingly  be  attacked  by  means  of  a  different  technique, 
which  will  be  described  in  the  next  section.  In  certain  special  cases,  however, 
notably  those  in  which  the  entire  system  is  symmetric  about  the  axis  of  rotation  of 
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the  spheroid;  the  equations  degenerate,  and  the  entire  field  representation  can  be 
obtained  in  terms  of  a  single  scalar  quantity  which  satisfies  the  scalar  wave 

j  + 

equation  with  the  f  -dependence  removed.  Page  also  points  out  that,  as  in  the 
spherical  coordinate  S5'stem,  the  component  equations  separate  in  cases  where  both 
the  electric  and  magnetic  fields  are  normal  to  the  radius  vector  at  every  point,  i.  e. 
the  propagation  vector  is  radial  at  every  point,  which  is  the  so-called  TEM  mode. 

It  should  be  noted,  however,  that  this  restriction  is  so  stringent  as  to  exclude 
practically  all  radiation  or  scattering  problems  of  real  interest. 

The  separability  in  the  axially  symmetric  spheroid  problem  was  first 
ejqjloited  by  Abraham  (1898)  to  find  the  characteristic  frequencies  and  decay  rates 
in  a  dielectric  medium  surrounding  a  conducting  spheroid,  and  has  since  been  used 
by  various  authors  for  related  problems,  as  outlined  below. 

From  an  analytical  standpoint,  there  are  two  possible  types  of  axially 
symmetric  field,  one  in  which  the  E  vector  is  in  the  meridian  piano  at  every  point 
and  the  H  vector  is  normal  to  this  plane,  and  the  other  in  which  the  roles  are  inter¬ 
changed.  We  limit  our  discussion  to  the  former  case.  That  is,  the  magnetic  field 
is  assumed  to  be  given  by 

H  =  ^  =  4'^  sin  0  cos  H0  (2-32) 

^Actually  this  holds  not  only  in  the  spheroidal  case  but  in  any  reasonably  well- 
defined  orthogonal  coordinate  system. 
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where  is  independent  of  0 .  Since  Maxwell’s  equations  (2.31)  imply  that  the 


rectangular  field  components  satisfy  the  scalar  wave  equation,  i.e.. 


,2  ^  ,.2v  sm^ 


(V"  +  k")  0  H.  =0, 

eosp  p 


and  since  this  equation  is  separable  (see  Sec.  2. 1. 2)  it  follows  that  is  pro¬ 
portional  to  the  product  appearance  here  of  the 

spheroidal  functions  of  order  one,  in  contrast  to  the  scalar  case  where  an  axially 
symmetric  field  entails  onlj'  the  zero  order. 

The  mechanism  is  thus  established  fsr  the  determination  of  the  character¬ 
istic  electrical  oscillations  of  the  conducting  spheroid  in  a  dielectric  medium  and 
the  solution  of  related  boundary  value  problems  involving  axially  symmetric  ex¬ 
citation.  For  the  former,  we  can  apply  the  appropriate  boundary  condition  to  each 
harmonic,  i.  e.  fcr  each  value  of  n,  individually.  On  the  surface  of  a  perfect  con¬ 
ductor  the  tangential  electric  field  must  vanish  identically,  and  in  our  case  this  is 


simply  the  condition  =  0  at  ?  =  From  the  second  equation  of  (2. 31)  and  the 


representation  of  specified  above,  this  is  equivalent  to 


-1  R,  (c,C)  =0at?=? 

In  o 


(2. 33) 


which  is  an  implicit  equation  in  the  quantity  c=kF.  The  roots  of  tliis  equation  will, 
in  general,  be  complex.  The  proof  of  this  will  not  be  given  here,  but  an  analog^'  can 
be  drawn  with  the  spherical  Bessel  functions  and  the  essential  argument  is  as 


follows.  If  the  radiation  condition  is  to  be  satisfied  for  large  then  the  radial 
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fimctibn  must.be  of  the  third  type,  ^  +  iR^^  \  R^^  ^  and  R^^  ^  are  both  real, 

and  as  in  the  case  of  Bessel  functions,  neither  they  nor  their  respective  derivatives 

have  any  common  zeros.  If  the  root  of  (2. 33)  with  least  absolute  value  is  called  c  , 
f  n 

then  the  characteristic  wavelength  of  the  n^  harmonic  is 

^  X  =2irF/Rec 

n  '  n 

and  the  logarithmic  decrement,  which  determines  the  time  rate  of  decay  of  the 
field,  is 

r  .  6  = -2irlm  c  /Re  c  . 

n  m  n 

This  is  essentially  the  procedure  used  by  Abraham  (1898),  Page  and 

» 

Adams  (1938),  Page  (1944),  and  Ryder  (1942)  to  investigate  the  resonance 
phenomena  associated  vvith  thin  conducting  i^heroids  in  general,  and  in  particular 
with  the  limiting  case  of  a  thin  finite  wire  (5^— >1).  The  roots  of  (2. 33)  are  found 
by  expanding  the  radial  functions  and  their  derivatives  in  power  series  and  then 
using  a  successive -approximation  scheme  to  solve  for  c^.  The  same  techniques 
can  be  used  for  the  case  where  there  is  an  axially  symmetric  applied  field.  This 
field  is  assumed  to  consist  of  a  known  component  of  each  harmonic,  and  the 
boundary  condition  is  applied  to  each  harmonic  of  the  total  electric  field,  i.  e.  the 
sum  of  the  applied  and  radiated  fields.  In  this  way  the  above  authors  gained  con¬ 
siderable  quantitative  and  qualitative  information  about  the  resonant  frequencies  and 
decay  factors  of  thin  spheroids,  as  well  as  the  antenna  currents  and  impedances  of 
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these  bodies  when  stimulated  by  time  harmonic  uniform  fields  or  plane  waves  of  low 
frequency  with  electric  vectors  in  the  axial  direction.  A  thorough  discussion  of  their 
results  in  beyond  the  scope  of  this  report,  but  certain  ones  of  particular  interest 
will  be  mentioned  in  a  later  section. 

The  general  axially  sj'mmetric  vector  scattering  problem  can  be  solved  in 

j 

much  the  same  way  as  the  acoustical  problem.  Given  the  completeness  of  the 
spheroidal  functions  in  the  established  ranges  of  the  variables,  the  applied  (or 
incident)  and  the  radiated  (or  scattered)  fields  can  both  be  e^ressed  in  terms  of 
scalar  quantities  satisfying  the  Helmholtz  equation,  and  these  can  be  expanded  in 
terms  of  the  appropriate  spheroidal  functions.  The  known  and  unknown  coefficients 
can  be  related  as  before  by  using  the  boundary  conditions  at  the  surface  and  the 
orthogonality  properties  of  the  angular  functions.  In  this  way  the  problem  of  an 
axial  dipole  located  at  the  tip  of  a  conducting  spheroid  has  been  solved  for  several 
eccentricities  and  frequencies  by  Hatcher  and  Leitner  (1954),  and  that  of  the  same 
source  located  at  an  arbitrary  point  on  the  axis  for  a  somewhat  larger  range  of  fre¬ 
quencies  and  eccentricities  by  Belkina  (1957).  The  procedure  is  as  follows. 

If  a  point  electric  dipole  is  oriented  parallel  to  the  axis  of  symmetry  of  the 
chosen  coordinate  system  and  located  in  this  axis,  then  the  associated  scattering 
problems  involving  symmetrical  bodies  can  bo  solved  in  terms  of  the  single  magnetic 
field  component  H^.  The  first  step  in  the  spheroid  problem  is  to  expand  this  com¬ 
ponent  of  the  dipole  field  alone  in  series  of  spheroidal  functions.  If  the  dipole 
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moment  is  p  and  its  location  is  at  the  point  1)  the  field  component  at  the  point 
(C»  n)  at  a  distance  R  from  1),  is  (see,  for  example,  Stratton  1941) 


ikR  /  \ 

jD  47r  R  \  ikR/ 


(2.34) 


where 


R  =  rff+rj^ -1  +  f  -2  CC  n 

1  1 


and  6  is  the  angle  between  the  vector  R  and  the  dipole  axis,  i.  e. 


sin  0  = 


R 


As  in  the  previous  cases  of  electromagnetic  oscillations,  the  appropriate  spheroidal 
functions  are  those  of  order  1,  and  in  terms  of  the  undetermined  coefficients 
‘^^(?l),  we  write,  for  f 


KK/ 

f  ‘hk’)  sin  e  =  Z]  (?  1  (c,  ?)  n)  (2. 35) 

'  '  n=0 


The  determination  of  the  )  i®  facilitated  by  letting  C  become  very  large,  under 


which  circumstance 


R — >F(C  -  ?  1  cos  0),  cos  B—>r) 


and  the  left  side  of  (2. 35)  approaches 


-ic?  ,  cos  0  .  ^ 

e  1  sm  0 


Furtlieriuore,  as  specified  in  the  preceding  section, 
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R,  (cC) — >(-i)  — r. 

In  cC 


and  using  these  limits  in  (2. 35)  gives  the  form 


-icC  cos  0  .  ^  1  \  '  .  ,  .*n  +  l  , 

;  1  sm0=--  /  I  Q'(C-)‘(-i)  S,  (c,  cos0)* 

k  ^ n  1  In 


Differentiating  the  well-known  expansion 


CP 

5  (-i)“(2n+l)j  (cCj)P  (cose) 

n  - 1  n 


9  1 

with  respect  to  0  and  using  the  fact  that  ~  P^(cos  ® ) "  P^^  (cos  0 )  we  can  write 


g-ic?^cos0  =T-~  ^  *  (-i)”(2n  +  l)3  (cC  )P^  (cos0) 

1C?  Z _ I  n  1  n 


=  ^  y”' »  (5,  )(-i)"'^^S,  (cose) 
k  Z_J  n  1  In 


Multiplying  this  equation  by  S,  (cos  0)  sin  0  and  integrating  from  0  to  tt  gives 

lV 


O' (?J(-i)^N,  =”~  'z  ^  (-i)*^(2  n  +  i)j  (c?  )  /  p\cos0)S,  (cos0)sin0d  0, 
r  1  Ir  c?,  Z _ i  n  1  j  n  Ir 

^  n-0  ^0 


The  integral  on  the  right  is  easily  dealt  with  by  means  of  the  expansion  (2.  7)  for 
the  anr  ’ar  function  S,  ,  and  the  result  is 
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w  -.r  -2ik 

=-T“ 

r  1  Ir 


c» 


V  ,  .,n(n+2)I  ,lr.  ,  „  , 
(“i)  — — d  J  .  ,(cC  ). 

n  n+1  1 


n! 


n  =  o,  1 


The  sum  on  the  right  is  now  precisely  equivalent  to  that  appearing  in  the  ejq)ansion 

(2. 13)  of  the  radial  function  (c?,)  for  m  =  1,  and  the  final  result  is  therefore 

mn  1 

SO  that  the  desired  expansion  of  is 


V  o  )i^2  1  ^ s  P 1  N,  In  1 

2ir  -1  n  =  0  In  In 


)Rf„'(o.l)S^„(o,r,) 


(2.  39) 


and  the  boundary  condition  (2. 33)  is  applied  to  the  total  field,  i.  e.  the  sum  r'"  17..  38) 
and  (2.39),  with  the  radial  functions  interchanged  in  the  latter,  yielding  at  once 


(c, C. ) 

A  (5,)  = - ^ ^ 


_d 


a? 


(l/F^  e)) 


(2.  40) 


0 


which,  in  conjunction  with  (2. 39),  gives  the  scattered  field  of  the  conducting 
spheroid  excited  by  an  electric  dipole  located  in  its  axis  of  symmetry. 

If  the  dipole  is  located  in  the  surface  of  the  spheroid,  i.  e.  at  the  pole, 
then  =  5^  and  the  expression  for  the  Wronskian  of  the  radial  functions  of  first  and 
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third  types,  which  is  i  times  the  quantity  given  in  (2. 16),  reduces  the  expression  for 
the  total  field  to 


.T  -wk^i 


00 


-1) 


I]  — 

n  =  0  “’in'^lnl 


)S  Jo,  r,) 


1  R?J(c,e^ 


In 


(2.41) 


The  far  zone  radiation  pattern  is  obtained  as  usual  by  inserting  the  asymptotic  form 

of  the  radial  function  in  the  numerator  of  the  above  and  dividing  by  the  quantity 

ikr , 
e  /  r. 


We  close  this  section  with  some  general  remarks  on  the  relations  between 
scalar  problems  and  axially  symmetric  vector  problems  involving  the  spheroid. 

In  Kleinman  and  Senior  (1963)  it  was  shown  how  the  vector  solution  for  an  infinite 
cone  excited  by  a  radial  electric  or  magnetic  dipole  can  be  obtained  by  applying  a 
vector  operator  to  the  solution  of  a  physically  meaningful  scalar  problem  involving 
a  point  source  and  a  simple  (Dirichlet  or  Neumann)  boundary  condition  satisfied  by 
the  total  field  on  the  conical  surface.  The  problem  is  formulated  there  in  terms  of 
a  pair  of  Debye  potentials,  which  are  independent  solutions  of  the  scalar  wave 
equation,  and  the  result  just  stated  derives  from  the  fact  that  in  the  particular 
coordinate  system  appropriate  to  the  cone  problem,  the  electromagnetic  boundary 
condition  can  be  satisfied  if  one  of  these  Debye  potentials  vanishes  identically  and 
the  other  satisfies  one  of  the  above-named  scalar  boundary  conditions  on  the  cone. 
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Unfortunately  in  the  spheroidal  coordinate  system  this  situation  does  not  prevail. 
The  general  electromagnetic  field  can  still  be  represented  in  terms  of  a  pair  of 
Deb}  e  potentials^  but  even  if  the  corresponding  scalar  source  is  located  in  the  axis 
of  s.vmmetry,  the  resulting  e:q)ression  for  the  tangential  electric  field  component 

con^ins  one  or  the  other  of  the  potentials  as  well  as  its  derivatives  with  respect  to 
both  C  and  17,  so  that  no  simple  scalar  boundary  condition  on  either  potential  can 
make  this  component  vanish.  Thus  it  appears  that,  while  the  axially  symmetric 
vector  problem  can  still  be  solved  in  terms  of  a  single  scalar  quantity,  the  cor¬ 
responding  scalar  boundary  value  problem  cannot  be  reduced  directly  to  one  of  the 
standard  forms  previously  derived,  and  probably  has  no  physical  interest  in  and  of 
itself. 

2.3  VECTOR  PROBLEMS 

In  the  preceding  section  it  was  shown  how  the  solutions  of  certain  electromag¬ 
netic  problems  involving  spheroids  could  be  obtained  directly  in  terms  of  a  single 
quantity  which  satisfies  the  wave  equation  and  certain  boundary  conditions  of  a 
rather  complicated  form.  The  requirement  of  complete  axial  symmetry  stipulated 
there  is  of  course  a  stringent  one,  and  rules  out  the  important  cases  of  arbitrary  or 
transverse  dipole  sources,  as  well  as  the  limiting  case  of  a  plane  wave.  Con¬ 
sideration  of  the  latter,  which  is  our  next  objective,  requires  a  much  more 
elaborate  analytical  apparatus,  which  we  proceed  to  develop  briefly. 
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In  the  preceding  report  of  this  series  (Kleinman  and  Senior,  1963)  a  general 
formulation  was  given  for  the  solution  of  an  electromagnetic  scattering  problem  in 
terms  of  a  pair  of  Debye  potentials  or  their  associated  Hertz  vectors.  This 
formulation  could  be  applied  to  the  spheroid  problem,  and  the  solution  could  pre¬ 
sumably  be  carried  out  in  some  manner  though  not  in  the  same  sense  that  solutions 
to  the  cone  and  sphere  problems  have  been.  That  is  to  say,  the  solution  would  not 

be  obtained  in  closed  form  or  even  in  terms  of  explicit  expressions  for  the 

i 

coefficients  in  an  infinite  series.  The  difficulty  which  arises  is  primarily  con¬ 
cerned  with  the  boundary  conditions,  and  in  order  to  bring  this  out  more  clearly, 
and  also  to  follow  existing  literature  on  the  problem,  we  present  here  a  somewhat 
different  (though  essentially  equivalent)  formulation  in  terms  of  a  set  of  vec  lor  wave 
functions  analogous  to  those  developed  for  the  sphere  problem  by  Hansen  (cf. 
Stratton,  1941,  p.  393), 

The  construction  of  these  functions  is  perhaps  best  motivated  by  a  brief  dis¬ 
cussion  of  the  import  of  the  term  separability  as  applied  to  a  vector  problem.  If  a 
general  vector  solution  of  the  wave  equation. 


V2  p+k^  F  =  V  V*  F-  Va'^F +k2  F=0 


(2.42) 


is  resolved  into  components  parallel  to  tfie  coordinate  axes,  three  scalar  partial 
differential  equations  for  the  components  result,  each  of  which,  except  in 


rectangular  Cartesian  coordinates,  involves  more  than  one  component,  so  that  the 
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I  simultaneous  solution  of  the  system  is  prohibitively  difficult.  As  pointed  out  in  the 

t 

preceding  section,  if  the  field  is  axially  symmetric,  the  system  degenerates  for  a 

I 

suitable  coordinate  system,  and  the  solution  is  easily  found  in  terms  of  a  single 
scalar  wave  function  or  potential,  hi  the  absence  of  such  symmetry  a  more  subtle 
resolution  of  the  vector  function  inquestion  is  required.  For  most  physical 
problems  of  the  sort  considered  here  it  is  advantageous  to  split  the  vector  into  two 
parts,  one  of  which  is  the  gradient  of  a  scalar  function  and  is  called  the  longitudinal 
component,  and  the  other  of  which  is  the  curl  of  a  vector  and  is  called  transverse. 
The  scalar  functions  involved  must  then  be  solutions  of  the  scalar  wave  equation  and 
must  satisfy  boundary  conditions  which,  at  least  in  a  system  where  this  equation 
separates,  are  easily  determined  from  the  original  vector  ones.  Thus,  we  write  the 
longitudinal  component  as  L  §,  where  ^  is  a  solution  of  the  scalar  wave  equation. 
Being  a  gradient,  however,  the  longitudinal  vector  component  will  in  general  have 

i 

non-zero  divergence,  and  accordingly  will  not  be  suitable  for  representation  of  a 
source-free  electromagnetic  field,  so  that  our  primary  interest  here  is  in  the 

i 

transverse  component,  v/hich  is  divergence -free  by  virtue  of  its  definition  as  a  curl. 
This  condition  ensures  that  only  two  independent  scalars  are  required  to  specify  the 
vector  quantity  completely,  and  these  should  be  chosen  in  such  a  way  as  to  facilitate 
the  satisfaction  of  the  boundary  conditions.  In  general  it  would  be  desirable  to  re¬ 
solve  the  transverse  field  into  two  component  solutions,  one  of  wnich  is  tangential 
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to  the  scattering  surface  and  the  other  nornoal  to  it.  Unfortunately  this  is  not 
possible  in  most  coordinate  systems,  but  for  certain  ones  of  importance  namely 
those  in  which  one  of  the  scale  factors  is  unity  and  the  ratio  of  the  other  two  is 
independent  of  the  coordinate  corresponding  to  the  first,  something  approaching  this 
objective  can  be  achieved  (cf.  Morse  and  Feshbach,  1953  p.  1764).  The  tangential 
component  is  expressed  as  the  vector 

M  =  VA  , 

where  is  the  variable  whose  scale  factor  is  unity,  a^^  is  the  coi  responding  unit 


d2 


coordinate  vector,  u  (?, )  is  such  that  —5-  =  0,  and  0  is  a  solution  of  the  scalar  wave 

1  dC  ' 

1 

equation.  The  third  component  cannot  always  be  constructed  normal  to  the  first 
coordinate  surface,  but  at  least  its  curl  can  be  made  tangential  to  it  if  the  vector 
function  is  defined  as 


with  w  as  before  and  Q  a  solution  of  the  scalar  wave  equation  (which  may  or  may  not 
be  identical  to  ^  ort^,  as  suits  our  purposes).  The  possibility  of  resolving  a  general 
vector  solution  into  three  components  as  described  above,  where  the  scalar 
quantities  involved  separate  in  the  usual  way,  is  perhaps  the  most  practical 
definition  of  separability  of  a  vector  equation. 

For  the  spherical  coordinate  system,  this  process  has  been  carried  out  com¬ 
pletely,  (cf.  Stratton,  1941),  and  one  application  is  the  well-known  solution  for 
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electromagnetic  scattering  by  a  sjrfiere,  in  which  explicit  expressions  are  obtained 
for  the  coefficients  in  an  expansion  of  the  field  in  series  of  the  Mand  N  vectors  over 
the  Indices  of  the  common  set  of  scalar  solutions  from  which  they  are  formed.  In 
the  spheroidal  coordinate  system,  however,  the  vector  wave  equation  is  not  com¬ 
pletely  separable  in  the  above  sense.  The  scale  factors  are  such  that  the  transverse 
field  cannot  be  resolved  into  components  which  permit  the  satisfaction  of  boundary 
conditions  by  the  individual  members  of  the  series,  and  the  best  that  can  be  done  is 
to  obtain  an  infinite  system  of  equations  for  the  infinite  set  of  coefficients,  which 
can  be  splved  approximately  by  truncation. 

In  the  above  forms,  the  vector  was  specified  as  unit  coordinate  vector. 
Actually  solutions  to  (2.42)  are  obtained  if  is  any  .constant  vector,  or  even  the 
radius  vector  r.  This  permits  considerable  freedom  in  the  choice  of  a  particular 
set  of  vector  functions  for  a  given  problem,  and  me  determination  of  the  optimum 
choice,  i.  e.  the  set  which  minimizes  the  labov  or  complication,  is  not  easy.  To 
the  best  of  our  knowledr^e,  the  question  has  lOt  been  absolutely  settled  for  the 
spheroid  problem,  and  we  limit  the  pres  nt  account  to  an  outline  of  the  solution 
which  exists  in  the  literature  and  whir '.i  was  given  by  Schultz  (1950).  This  assumes 
a  plane  electromagnetic  wave  incid  .nt  on  a  perfectly  conducting  spheroid  and 
propagating  in  the  direction  of  t’  e  major  a.xis.  The  generalization  to  the  base  of 
arbitrary  incident  direction  adds  little  of  analytical  interest. 
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If  a  IS  an  arbitrary  constant  vector  and  ij/e  is  a  separated  solution  of  the 

mn 

o 

scalar  wave  equation,  where  the  index  i  =  1, 2, 3,  4  denotes  the  type  of  the  radial 
function  involved  (the  angle  function  is  always  of  the  first  type),  then  application 

of  the  forms  given  above  yields  the  various  sets  of  vector  functions 

(i)  (i) 

ii®mn  “  ^  ^®mn 


a(i)  (i) 

M!mn  =  ^ 


(2.43) 


®  mn  ~  ^  ^  mn 


where  the  e  and  o  subscripts  denote  even  and  odd  ^  -  dependence,  as  before.  In 
these  we  must  first  specify  the  vector  a  and  then  select  whichever  sets  of  functions 
are  best  suited  for  representing  the  fields  we  are  dealing  with.  As  noted  previously 
the  Ij  functions  v/ill  be  of  no  use  for  the  present  problem  since  their  divergence  does 
not  vanish.  Actually,  in  contrast  to  the  classical  sphere  solution,  the  spheroid 
solution  of  Schultz  does  not  employ  the  N  vectors  either..  Instead,  three  distinct 
sets  of  M  vectors  are  generated  by  substituting  for  a  the  three  Cartesian  co¬ 
ordinate  vectors  i^,  The  completeness  of  these  sets  follows,  by  a  simple 
argument,  from  that  of  the  set  of  scalar  wave  functions  (cf.  Siegel  et  al,1953)  so 
that  the  possibility  of  expanding  any  solution  to  the  given  boundary  value  problem  in 


a  convergent  series  of  these  functions  is  assured.  In  the  particular  case  considered 
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here  only  certain  of  the  M  vectors  are  required,  and  in  the  interest  of  economy  we 
will  list  below  only  those  to  be  used.  Detailed  expressions  for  the  rest  appear  in 
Flammer  (1957). 

If  the  incident  plane  wave  is  assumed  to  propagate  in  the  negative  z-direction 
with  electric  and  magnetic  vectors  in  the  positive  y-  and  x-directions  respectively, 
then  a  brief  examination  of  the  forms  given  above  indicates  that  its  electric  vector 
should  have  an  expansion  of  the  form 


00 

=_1  Va 

-  y  k  n— ®on 


(2.44) 


(The  choice  of  the  even  functions  here  is  obvious  with  the  assumed  polarization,  and 
since  it  develops  that  only  even  functions  are  needed  throughout  the  solution,  we  can 
drop  the  e  subscript  with  the  understanding  that  all  wave  functions  are  even  in  0 
unless  otherwise  stated. )  From  the  expansion  of  the  exponential  in  spheroidal  wave 
functions  (equation  2.  36),  and  the  definition  (2.43)  of  the  M  functions,  it  is  easily 
determined  that 


A  =  2  i  S  (1)/N  . 
n  on  on 


(2.45) 


If  the  spheroid  ?  is  perfectly  conducting  and  if  the  total  electric  field  is 
represented  as 


E  =  e'  +  E® 
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where  E  represents  the  scattered  field,  then  the  boundary  condition  at  the  surface 


can  be  written 


I'-AE  =0orE*  +  =0  =  E^-rE^ 

5  ’>1=1  ^  ^ 

o  o 


(2.46) 


Now  since  the  M  vectors  form  a  complete  set,  we  can  assume  an  expansion  of  t  e 
scattered  field  of  the  form 


00  00 

S  E 

m  =o  n  =0 


X  X  t: 

^  M 
.  mn  '”mn 


+  A  M  +  A  M 
mn  mn  ~  mn  mn~mn . 


(2.47) 


The  third  type  of  function  is  dictated  by  the  radiation  condition  at  infinity.  Each  of 
the  three  sets  of  M  vectors  has  its  own  characteristic  jii -dependence  which  is  ex¬ 
pressed  m  terms  of  ordinary  trigonometric  functions,  and  since  the  boundary  con¬ 
ditions  (2.4G)  must  hold  for  all  )),  the  orthogonality  of  these  functions  may  be  in¬ 
voked  to  reduce  drastically  the  variety  of  M  vectors  appearing  in  the  series  (2.47) 
for  the  scattered  wave.  It  develops  immediately  on  substituting  the  expansion  of 
the  M  vectors  in  (2.47)  and  applying  (2.46)  that  the  only  sets  of  vectors  whose 

coefficients  do  not  vanish  are  M'  ,  andM,  ,  and  we  can  rewrite  (2.47)  accordingly 

—on  —In  ^ 


00  / 

li'-s  (*: 


X  ..\(3)  .  Z  .  z(3) 
M  +  A  M , 
n  ~on  n  ~ln 


(2.48) 


The  essential  problem  now  lacing  us  is  the  determination  of  the  coefficients 


a'"  and  in  (2.48),  to  which  end 've  mu.'^t  make  whatever  use  we  can  oi  the 

n  n 


I 
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boundary  conditions.  In  order  to  see  the  exaci  nature  of  the  difficulties  we  first  ex¬ 
press  the  M  vectors  in  terms  of  the  spheroidal  coordinates  using  (2.43)  and  the 
transformation  of  coordinate  vectors  given  at  the  beginning  of  this  chapter.  Thus  w€ 


-on  F  -n 


5/  L-ir  on  „U)  .  j 

Fljc^-n'  dn 


i  -J^s 

F  1  -rf  on  dC  on 


(2.49) 


4  S  S  R<^>cos0 

F  (C^  -n^)  on  dC  on  ^  (C^-)T)  dn  on  on 


^  / 
A  L 


=  R^,^^sin4 


sin0] 


A  /  -C  j(4^-i)(i-n^)  „  A  J3) 


riiik^  -1)(1  -n^)  d  „  b) 


+  S,  -fr  r'  ' cos  P  +  f^i  <  cos 

F  [  (r-n“)  In  dC  in  ^  (r  -n)  dn  In  In 

x(3)  ^(1)  (3) 

The  third  set,  M  ",  is  of  course  identical  to  m  except  that  the  radial  function  R 


appears  throughout  in  place  of  IV  .  Substitution  of  these  in  the  field  axpansions  (2.44) 
and  (2.48),  followed  by  application  of  the  boundary  equations  (2. 4G)  yields  the  tw  o  equa¬ 


tions 


00 

1  1  s— ! 

I"  ^ 

n  =  o 


X-A./ 

E*  y  A  ~i)  s  (n) 
n  !  o  on 
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§  n  =  o  ^ 


-  (-DRf  «  ) 

^ — !  n  r.  V  in  In  o 
n  =  u  1  I  -  rr 
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lE  \  • 


~  A  ({?2-l),,S  (r7) hg-R  (€)(  -Ui-n"):pS  < 

k  ^  — I  n !  o  on  Id?  on  I  o  dr  on 

n--o  (  ^ 


S  <n)R  ^^^(?  )  ) 
df;  on  on  o  j 


y~’  A^lr)lX^-l)S  (n)  ~  R^^N?)!  +?  (1 -n^)  “•  S  (r?)R^^V  )  1(2. 5i) 

Z _ I  n  [  o  on  [_d?  oi'  J  o  dn  on  on  "o  i 

n=o  k  c  J 


|(l^-i)(i  -n^)s  (•0)[^R  -n/(l'2-iKi'-n^)-~s,  (n)R/^^(?  ) 

n  o'  o  in  (_d?  In  J  '  o  dn  in  In  o 


The  essential  complication  of  the  spheroidal  geometry  now  becomes  apparent. 

In  the  corresponding  equations  for  the  sphere,  the  angular  dependence  is  such  that 
the  orthogonality  of  tlie  angle  functions  can  be  applied  directly  to  give  two  simple 

X  z 

expressions  relating  the  known  coefficient  A  and  the  two  unknown  ones  A  ,  A 

n  n  n 

with  the  same  index  n,  and  the  scattered  field  is  thus  expressed  in  terms  of  the 
series  (2.48),  all  of  whose  cocificients  arc  easily  written  down.  For  the  spheroid, 
however,  this  is  not  possible.  The  appearance  of  the  scale  factors  and  of  angle 
fu  ictio.is  with  tw'o  difierent  values  of  the  index  rn  makes  it  impossible  to  relate  the 
known  and  unlcnown  coeffic’cnts  with  the  same,  or  even  with  a  finite  number  of  dis¬ 
tinct  indices  n.  Since  there  are  no  recurrence  relations  for  the  spheroidal 
lunctions,  (here  seems,  te  be  no  easy  wa\  around  this  difficulty,  and  the  best  one  can 
do  IS  to  oiilain  an  mlmite  s\o.tc-m  ol  simultaneous  eiiuations  for  the  unknowns  and  re¬ 


sort  to  a  large  scale  eomput'ag  program  tor  its  solution. 
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V  \  r]S  S  dr}+C  R 

rn  o  s  J  ® 

-1 


1  {l-ri-)-f^S  dri 
J  dr?  or 


_ 

ifl 


i  1 

5  ^  V" 


With  the  exception  1  S  S  dp,  which  is  of  course  equal  to  N  6  ,  the  above 

“*  on  or 


or  rn 


integrals  cannot  be  evaluated  in  closed  form.  The}  can,  however,  be  expressed  in 
series  of  spherc:dal  coefficients  by  simply  expanding  each  in  series  of  Legendre 
functic'ns  and  usin;(  the  orthogonality  properties  of  the  iatter.  The  actual  ex¬ 
pressions  arc  given  in  Chapter  fV. 

The  convergence  of  the  above  system  of  equations  could  presumably  be  demon¬ 
strated  rigorously  by  straightforward  methods,  but  this  seems  hardly  worthwhile  at 
this  point  in  view  of  the  reasonableness  of  the  results  and  the  simple  physical  argu¬ 
ments  which  support  it.  As  noted  previously,  the  system  can  be  solved  approxi- 
tr.atel}  by  truncation,  i.e.,  by  taking  only  the  first  N  eciuations  of  eacli  set  and 
solving  for  ilv'  first  pairs  oi  unknowns.  The  number  N  depends,  of  course,  on 
the  size  (and  eccentricity)  ol  the  body  and  on  the  accuracy  desired.  The  fact  that 
over  hall  the  terms  in  the  systeir.  vanish  identicall}  i.,  ol  some  small  benefit  in  the 
com|)utati')n  task,  though  this  gain  is  rather  oxerlialanced  b}  thi'  eireumstanee  that 
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the  remaining  ones  are  complex.  Details  of  extensive  computations  based  on  this 
soluticr.  and  done  on  a  large  scale  digital  machine  are  given  by  Siegel  et  al  (1953) 
and  Ritter  (1956). 

An  expression  for  the  scattered  field  in  the  far  zone  is  of  primary  interest  in 
radar  problems  and  can  be  obtained  from  (2.48)  by  substituting  the  asymptotic  forms 
(2. 15)  of  the  radial  functions  into  the  expressions  (2.49)  for  the  M  vectors.  Thus  '’t 
large  distances  r  from  the  spheroid  ,  the  scattered  field  is 


*  0\J } 


A 

+  1 


1.  [a^  r)S  (r))-iA^'^-b^  S,  (r))|cos0;- 
P  L  n  n  In  J  j 

In  the  generalization  of  tliis  solution  to  the  case  of  arbitrary  direction  of  in¬ 
cidence  (Reitlinger,  1957)  the  field  must  be  expanded  in  a  double  seriespvilh  the  in¬ 
dex  m  running  from  zero  to  infinity.  The  proper  choice  of  the  M  vectors  becomes 
even  more  difficult,  and  the  matching  of  terms  in  the  boundary  equations  by  moans 
of  the  p  -  dependence  is  not  so  trivial.  The  b- dependence  is  also  more  complicated, 
so  that  the  matching  procedure  used  above  produces  not  only  the  b  integrals  en¬ 
countered  there  but  also  numerous  others  of  similar  form,  and  leads  to  an  infinite 


The  criteria  for  the  validity  of  these  'orms  are  that  (cf)"^  >  X 

mn 

(cO“(f“-l)  nr. 


and 
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oCt  of  infinite  systems  of  equations  for  the  expansion  coefficients.  The  mere 
transcription  of  these  is  a  rather  formidable  task,  and  it  is  hoped  that  the  reader 
will  never  be  faced  with  the  necessity  of  using  them. 

Another  extension  of  the  wave -function  solution  might  be  discussed  briefly  at 
this  point.  This  deals  with  the  case  of  a  dielectric  scatterer.  A  radiation  problem 
of  this  type  was  treated  by  Weeks  (1958).  The  case  considered  is  that  of  a 
homogeneous  dielectric  spheroid  covered  by  a  spheroidal  shell  of  another  dielectric 
and  excited  by  a  transverse  slot  at  each  of  several  locations.  This  type  of  ex¬ 
citation  is  strictly  outside  the  range  of  the  present  report,  and  the  details  of  the 
solution  will  not  be  given  here,  but  certain  of  the  results  are  included  in  another 
section.  The  general  technique,  i.e.,  method  of  representation  of  the  fields,  is  the 
same  as  in  the  case  of  the  perfect  conductor,  but  here,  of  course,  the  field  interior 
to  the  body  must  also  be  considered.  The  problem  of  matching  the  fields  at  the 
boundaries  is  even  further  complicated  by  the  fact  that  two  different  values  of  the 
wave  number  k  are  involved,  and  since  this  appears  as  a  parameter  in  all  the 
spheroidal  functions,  the  orthogonality  relations  are  further  restricted.  Instead 
of  multiplying  the  boundary  equations  by  a  spheroidal  function  and  then  integrating, 
as  in  the  solution  of  Schultz,  it  is  necessary  to  expand  each  angle  function  appearing 
there  is  series  of  Legendre  functions  and  then  employ  the  orthogonality  properties 
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of  the  latter  .  The  result  is  again  an  infinite  system  of  equations  in  the  infinite  set 
of  unknown  expansion  coefficients  for  the  radiated  field,  numerical  treatment  of 
which  requires  a  large  scale  computing  facility.  The  convergence  properties  of 
this  system  would  presumably  be  similar,  though  not  necessarily  identical, to  those 
of  the  system  constructed  by  Schultz.  This  question  has  not  bee  i  thoroughly  in¬ 
vestigated,  however. 


A  variation  on  this  procedure  has  been  given  more  recently  by  Yeh  (19631  who 
published  a  formal  solution  of  the  same  problem,  presumably  being  unaware  of  the 
existence  of  Weeks'  earlier  and  more  extensive  v  ork.  In  this  paper  the  angular 
functions  pertaining  to  one  medium  arc  expanded  di’^ectly  in  terms  of  those  of  ihe 
other,  the  coefficients  being  expressed  as  series  involving  the  two  sets  of  dp^*^. 

The  two  solutions  are  essentially  equivalent,  and  it  is  not  immediately  clear  which 
form  is  preferable.  In  an  earlier  report  by  o^ohnson  (1955)  the  problem  of  the 
dielectric  spheroid  was  attacked  by  means  of  a  set  of  approximate  vector  wave  func¬ 
tions,  which  satisfy  the  wave  equation  only  in  the  far-zone  limit.  The  procedure 
used  in  determining  the  expansion  coefficients  of  the  reflected  and  transmitted  waves 
namely  that  of  applying  the  boundary  conditions  to  the  various  series  in  terms  of 
these  functions,  would  seem  to  be  of  very  doubtful  validity  except  in  the  case  of  a 
nearly  spherical  scatterer.  The  solution  should  thus  perhaps  be  classified  with  the 
eccentricity^restricted  approximations,  but  the  region  of  validity  might  be  difficult 
to  determine. 


’  r 


1 


— - - -  the  university  of  MICHIGAN  - - 

364 8 -6 -T 

III 

APPROXIMATE  SOLUTIONS 
3. 1  FREQUENCY -RESTRICTED  APPROXIMATIONS 

The  '%ave -function  solutions  detailed  in  the  preceding  chapter  have  been  called 
exact  because  it  is  theoretically  possible  to  carry  tliem  out  to  any  desired  degree  of 
accuracy.  In  practice,  however,  this  presents  serious  difficulties.  So  far  little  has 
been  said  about  the  convergence  of  the  series  involved,  but  it  is  not  hard  to  show 
that  this  becomes  slower  as  the  frequency  increases,  and  as  in  the  case  of  the 
sphere,  for  a  given  frequency,  the  summation  indices  must  reach  a  value  consider¬ 
ably  in  excess  of  ka  in  order  to  yield  any  reasonable  accuracy.  For  the  scalar 
problem  with  symmetric  excitation,  the  exact  solution  has  been  carried  out  to  a  high 
degree  of  accuracy  for  certain  spheroids  at  frequencies  ranging  up  to  a  value  of 
ka=i4.  For  tlie  vector  case,  however,  even  with  plane  wave  incidence  in  the  axis  of 
symmetry  the  few  existing  compulations  are  accurate  only  out  to  ka  — 3,  and  for 
other  diix'ctions  of  incidence,  no  computations  have  even  been  attempted,  to  the  best 
of  our  knowledge.  The  need  for  approximate  solutions  which  offer  reasonable 
accuracy  at  tolerable  expense  is  thus  obvious,  and  several  of  these  have  been 
developed.  None,  of  course,  is  useful  over  the  entire  ranges  of  intei’est  in  all  the 
parameters,  and  the  natural  basis  of  classification  is  tlie  parameter  or  parameters 
restricted  and  the  ranges  of  validity. 

. . -  -  --  -  -  I  . .  ■  . J 
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Perhaps  the  most  important  parameters  in  this  respect  are  wavelength 
(relative  to  characteristic  dimension)  and  eccentricity.  The  material  properties  of 
the  scatterer  may  also  require  consideration,  and  several  investigators  have 
developed  solutions  based  on  the  perturbations  of  these  propertias  with  reference  to 
the  surrounding  medium;  these  v/ill  be  discussed  presently.  By  far  the  greater  part 
of  the  existing  approximate  theory  however,  depends  primarily  on  the  aforemen¬ 
tioned  geometric  parameters.  We  will  deal  first  with  the  matter  of  wavelength  or 
frequency,  and  begin  at  the  low-frequency  end  of  the  spectrum,  which  is  generally 
referred  to  as  the  Rayleigh  region,  after  the  author  who  provided  the  first  systemat¬ 
ic  treatment  of  low-frequency  scattering  (Rayleigh,  1897). 

3.1.1  Low  Frequency  Approximations 

When  the  wavelength  of  the  energy  incident  on  a  body  is  large  com¬ 
pared  to  the  characteristic  dimension  of  the  body,  then  ka  is  small,  and  this  im¬ 
mediately  suggests  a  series  representation  for  the  scattered  field  in  powers  of  this 
quantity.  This  series  is  usually  referred  to  as  the  Rayleigh  series,  despite  the  fact 
that  Rayleigh’s  original  contribution  only  yielded  the  first  term.  In  general  it  affords 
the  easiest  and  most  universally  practical  way  of  obtaining  the  scattered  field  of  an 
object  in  the  region  of  the  spectrum  where  the  first  few  terms  prt  \ide  sufficient 
accuracy.  Its  use  at  higher  frequencies  is  limited  absolutelv  b>  the  finite  radius  of 
convergence  of  the  series,  and  practically,  of  course,  by  the  difficulty  of  obtaining 

i 

the  coefficients  for  the  higher  or  der  terms,  especially  in  the  \eetor  case.  Besides 
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the  obvious  advantage  that  ouce  the  coefficients  are  known,  the  scattered  field  is 
immediately  obtainable  for  any  wavelength  within  the  region  of  effective  convergence, 
this  solution  has  the  further  merit  that  the  cases  of  arbitrary  incident  direction  and 
shape  and  material  parameters  present  no  essential  difficulty.  It  is  thus  the  most 
general  solution  known,  the  only  important  restriction  being  that  of  large  wavelength. 

To  date,  the  coeff.  ■  a ents  in  the  Rayleigh  series  have  not  been  obtained 
explicitly  beyond  the  third,  or  in  certain  cases  the  fourth  (non-vanishing)  term  in 
the  far-field  expansion.  There  are  perhaps  two  principal  reasons  for  this,  the  first 
being  the  fact  that  the  u^ajority  of  the  methods  presently  available  either  break  down 
completely  or  have  not  been  developed  sufficiently  to  yield  more  terms,  or  would 
involve  a  prohibitive  amount  of  algebra,  and  the  second,  the  fact  that  the  limited 
region  and  non-uniform  manner  of  convergence  of  the  series  (cf.  Senior,  1961) 
seriously  restricts  the  advantages  to  be  gained.  The  first  extensions  of  Rayleigh’s 

i 

work  were  produced  almost  simultaneously  by  Tai  (1952),  and  Stevenson  (i953  a), 

who  developed  quite  distinct  methods  for  obtaining  the  next  non-vanishing  term 

4  ^3 

(which  is  proportional  to  k  in  the  far  field  series  ,  the  term  in  k  vanishing 

- - - - 

^  e 

The  term  "far  field"  is  used  here  to  denote  the  coefficient  of -  in  the  scattered 

r 

field  expression,  in  contrast  to  the  treatment  below,  where  the  coefficient  of 
ikr 

— —  is  considered, 
kr 
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identically  for  a  body  with  a  center  of  symmetry).  The  two  derivations  have  been 

discussed  and  compared  by  Justice  (1956)  and  will  be  outlined  below.  The  third  non- 

5 

vanishing  term,  proportional  to  k  ,  was  derived  by  .Senior  (1960)  for  the  scalar 
problem  with  nose-on  incidence  and  either  Dirichlet  or  Neumann  boundary  conditions, 
and  by  the  same  author  (1964)  for  the  vector  problem  with  a  perfectly  conducting 
spheroid.  (In  the  latter  work  only  the  coefficients  in  the  power  series  expansions  of 
the  wave-function  coefficients  are  given  explicitly,  but  from  these  the  Rayleigh 
coefficients  are  easily  obtainable.)  Additional  power  series  coefficients  in  the  scalar 
problem  a-e  also  given  by  Senior  (1961),  but  these  are  not  sufficient  to  extend  the 
Rayleigh  series  for  the  far  field  beyond  the  term  mentioned  above. 

For  the  scalar  problem,  the  Rayleigh  series  is  obtainable  in  a  straight¬ 
forward  manner  from  the  e.xact  solution  bj  simph  substituting  power  series  ex¬ 
pansions  for  all  quantities  which  depend  on  k  and  then  rearranging  terms  and 
collecting  coefficients  of  like  powers  of  k.  Logically,  of  course,  this  procedure 
might  be  termed  reverse,  presupposing,  as  it  does,  a  kno\.iedge  of  the  exact  solu¬ 
tion  and  of  the  fimctions  in  terms  of  which  the  latter  is  nalu.'ally  e.xpressed,  and 
yielding  only  an  approximate  form  with  a  more  restricted  range  of  validity.  How  ¬ 
ever,  the  method  is  easily  justilied  on  practical  grounds,  since  in  the  cases  where  it 

It  should  be  noted  that^the  statement  ol  Sleator  (iUG0)(also  in  Crispin  et  al,  1963), 
that  the  coefficient  ol  vanishes  fur  the  hard  (scalar)  spheroid,  is  in  error,  as  is 
the*  value  given  for  the  coefficient  of  k^*.  The  corrected  curve  of  cross  section  vs  ka  is 
showTi  in  Fig.  14. 
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is  applicable  it  offers  the  easiest  access  to  the  above-mentioned  advantages  of  the 
power  series  representation  for  the  scattered  field.  Accordingly  we  defer  any  dis¬ 
cussion  of  Rayleigh's  original  derivation  until  the  consideration  of  the  vector  problem 
where  the  exact  solution  is  not  kno  vn  in  such  generality'  and  Ihe  advantages  oT 
Rayleigh's  methods  are  thus  more  evident. 

The  exact  solution  for  the  scalar  problem  with  incident  plane  wave  and 
linear  homogeneous  boundary  condition  was  given  in  equation  (2  24).  For  the  sake 
of  convenience  we  now  restrict  the  incident  direction  to  the  axis  of  symmetry  and 
consider  the  limiting  cases  of  the  hard  and  soft  spheroids  (o/  3  =  0,  oo,  resoectively) 
separately,  witn  the  observation  that  the  general  impedance  solution  can  bo  easily 
reconstructed  from  these.  Following  Senior  (1960)  we  can  write  the  iar  field 

I 

amplitude  for  the  soft  body  as 


(Note  that  this  definition  of  f  diuers  slightly  from  that  used  elsewhere  by  virtue  of 
the  k  in  Iht  denominator  ol  Uie  ^  xpression  for  V^. )  When  the  spheroidal  functions 
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appearing  in  (3. 1)  are  expanded  in  Legendre  functions  (cf.  equations  (2.  7)  and  (2. 17)) 
their  dependence  on  c  is  contained  entirely  in  the  coefficients,  which  are  either  the 

d^  of  equation  (2.  7)  or  are  directiv  obtainable  from  them,  and  by  using  the 
r 

recurrence  relation  and  normalizing  equation  which  serve  to  define  the  d^”  ,  the 
expansion  of  these  in  powers  of  c  is  easily  accomplished,  at  least  to  a  reasonable  ! 

I 

i 

number  of  terms,  (see  Senior  (1960)  for  details. )  If  we  then  write  the  Rayleigh 

series  for  f  as 
s 


f 

s 


00 

(0)  =  -c2  U^(r7)(-ic)", 

n  =0 


(3.2) 


the  functions  u^(o)  are  found  by  collecting  the  coefficients  of  like  powers  of  c  in  the! 
comp.'.etely  expanded  form  of  f^.  The  e.xpression  analogous  to  (3. 1)  for  the  hard 
spheroid  is  identical  to  it  except  that  the  radial  functions  are  replaced  by  their  de¬ 
rivatives  with  respect  to  C.  iJo  that  the  requisite  expansions  of  these  are  in  terms  of 
the  derivatives  of  t,ne  Legendre  functions.  The  same  procedure  described  above 

applies  here,  and  the  functions  v  (17)  in  the  Rayleigh  e.xpansion  for  the  far  field 

n 

amplitude 


f,(n)  = 

h 


c 


00 


s 

n  =0 


V  (n)(-ic)" 
n 


(3.3) 


are  thus  deternunevi.  'There  are  substantial  differences  in  the  two  results,  in  that 

the  liinetions  v  ,  \  and  for  the  haril  l)od\  \anish  identicallv,  whereas  none  ol 
o  1  3 
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the  first  SIX  u  functions  in  the  soft  case  vanishes.  ThecorafletefDrmsfor  the  two  sets 
of  functions  are  listed  for  n  =  0 - 5  in  Sec.  4. 1. 

The  radius  and  manne^'  of  convergence  of  the  series  (3.2)  and  (3.3)  are  dis¬ 
cussed  at  length  by  Senior  (1961),  and  the  details  ai-e  too  iiivohed  to  be  ti'catcd  fully 
in  the  present  work.  In  general  the  radius  of  convergence  can  bo  determined  by  con¬ 
sidering  the  coefficients  in  the  wave -function  (exact)  solution  as  fjiict.ons  of  the 
complex  variable  p=ka  and  locating  the  pole  of  least  amiiatudc-  among  all  the  poles 
of  all  the  coefficients.  For  the  sphere,  this  minimum  amplitude  is  unit\  for  both 
the  soit  and  hard  cases,  and  the  Rayleigh  series  accordingl),  converges  onl>  out  to 
Uie  value  ka  =  1.  If  the  sphere  is  elongated  m  the  direction  of  incidence,  so  that  a 
is  the  semi-major  axis  of  the  resulting  prolate  spheroid  then  the  radius  of  coriver- 
gence  increases  for  both  hard  and  soft  bodies,  though  in  a  different  nianner  for  each, 
approaching  tlie  value  kn  ^4.1  in  both  cases  as  the  spheroid  becomes  an  infinitely 
thin  rod.  For  all  values  of  the  eccentriciU  between  zero  and  one,  the  radius  of 
convergence  for  the  hard  bod\  exceeds  that  for  the  soft,  the  greatest  difference 
joccurring  when  the  a>is  rdio  is  arour*’  .0?  ,  where  its  magnitude  is  approxi- 
matel\  2.0.  The  above  discussion  applies  oni\  for  the  Dirichlet  and  Neumann 
boundar\  conditions.  For  the  general  linear  hi.mogeneous  boundary  condition  (2.22) 
the  situation  is  much  more  complicated  and  the  conwrgenee  radius  can  be  expected 
to  di  crease  as  the  ratio  o/ b  departs  from  the  values  0  or  cx). 
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For  ttie  vector  or  electromagnetic  problem,  the  derivation  of  the  Ra\Ieigh 
series  is  predictably  more  involved,  and  se\eral  methods  have  been  used  for  the 
determination  of  the  first  three  terms  in  the  power  series  for  the  scattered  field. 

Two  of  these  are  the  previously  mentioned  solutions  of  Stevenson  (1953  a,  b)  and 
Tai  (1952)  which  have  since  been  elucidated  and  compared  in  a  report  by  Justice 
(1956),  To  date  no  further  terms  have  been  derived  for  the  vector  case,  nor  has  the 
convergence  question  been  discussed  adequately,  and  the  predictable  accuracy  of  the 
solution  rests  primarily  on  a  comparison  of  particular  results  with  those  gi\en  by  the 
exact  solution,  as  presented  in  a  later  section  of  this  report. 

In  view  of  the  difficulties  inherent  in  the  derivation  of  the  complete  Raykigh 
series,  and  as  a  matter  of  historical  interest,  it  seems  appropriate  to  discuss 
briefly  Rayleigh’s  criginai  derivation  of  the  first  term,  which  he  accomplished  by 
means  of  a  quite  general  and  •t.narkably  simple  line  of  argument.  The  dei  nation 
assumes  the  existence  of  a  region  where  the  distance  from  the  scatterer  is  large 
compared  to  its  dimensions  but  small  compared  to  the  wavelength  ol  the  incident 
field.  Here  the  solution  is  basically  that  of  a  static  problem,  and  once  this  is  known, 
the  field  at  a  larger  distance  can  be  immediately  foun.l  from  the  known  properties 
of  spherical  harmonics.  The  method  is  essentially  the  same  for  both  scalar  and 
vector  problems,  and  the  material  properties  of  the  scatterer  are  easily  taken  into 
account.  We  consider  here  ordy  the  electromagnetic  problem  foi  a  homogeneous 


THE  UNIVERSITY  OF  MICHIGAN 

3648-6-T 


jellipfiOid  of  permeabilitv  p'  and  dielectric  constant  e'  in  a  medium  of  corresponding 

t 

constarcs  p,  e  struck  b\  a  plane  wave  propagating  parallel  to  the  major  axis.  In  the 
interest  of  readibilitj  and  consistency,  we  will  modify  Rayleigh's  notation  to  agree 
with  our  previous  usage  wherever  possible,  and  accordingly  we  denote  the  major 
axis  by  2F|^  and  let  it  coincide  with  the  z -axis.  The  electric  and  magnetic  vectors  of 
the  incident  wave  in  the  region  exterior  to  the  spheroid  are  then  represented  as 


e‘  =  e‘  r 


fl 

H  =  u  “  e 

» p 


(3.4) 


where  E  ,  the  amplitude  of  the  incident  wave, may  be  normalized  to  unity.  In  the 

neighborhood  f  i  the  obstacle,  under  the  assumption  that  ka  is  small  so  that 
-ikz 

e  —1,  th*  incident  electric  and  magnetic  fields  are  derivable  from  two  scalar 
potentials,  i.e. 


1  1  1 1  rfi  i 

E  =  E  V  0^,  0^  =y 

d  ‘  jj  e'v^’  .  0‘  =X 

IP  m  m 


(3.5) 


.Vitlun  this  region  the  scattered  field  is  also  derived  fi'om  potentials,  which 
can  in  general  be  expanded  in  series  of  spherical  harmonics  in  the  form 


a>  n 


,s  y-”i  1J0  ~ia-l 

0  -  >  >  A  ’  (co.sO)e 

e,  m  z__j  z — I  nj  n 

n  ~  0  j  -  n 
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Since  there  are  no  sources  present,  the  term  with  n  =  0  must  vanish.  Further¬ 
more  in  the  region  of  interest,  FC  <<  r  <<  A., the  terms  with  n  >  1  are 

o 

negligible,  and  the  potentials  reduce  to 

1 


0®  A®*"^P^(cos  0) 

^  e,  m  ^ 


which  may  be  rewritten  in  terms  of  three  new  constants  as 


0 


e,  m 


e,  m  ,  e,  m  \ 

+  A^  y-rA^  zjjr 


I  If  we  i,unsidtr  there  constants  as  the  rectangular  components  of  constant  vectors 


e,m 


A  ,  then  the  above  potentials  can  be  written 


.  e,  m  ,  , 

0  =  -  V  (A  /  r) 

^  e,  m  —  ' 


and  the  'scattered’  electric  and  magnetic  fields  in  this  intermediate  range 
2 

(l/r>>  l/r,kr<<  1)  become 


s  i  /  A 
E  =  -E  V  (  V  •  — 


H®  =  -  e‘  vfv- 


(3.6) 


m 


These  expressions  are  not  adecjuate  to  represent  the  far  field,  for  when  kr  is 
appreciable  the  magnetic  potentia’  contributes  to  the  electric  field  and  \  ice  versa. 
To  deal  with  this  region  we  use  a  Iferti'  vector  representation,  noting  that  anv 
field  may  be  written  in  terms  ol  electric  and  magnetic  Hertz  vectors  as  follow^ 
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(see,  iOr  example,  Kleinman  and  Senior,  1963): 


E"  =  VaVa  r  +iu.uVAir  =V(V*^  )-V^7r  +  ik  ¥  e  VAir 

—  — e  ~m  —e  -e  — m 

=  Va'^’a  tt  -iw€  VA  TT  =  V  (  V  •  TT  )- 7J-  -ik  VA  — e  . 

—  — m  -e  ~m  —  m 

If  the  ‘vectors  tt  and  :r  are  specified  as  dipoles  located  at  the  origin,  then 
“e  ~m 


(3.7) 


ikr  ikr 

_  e  _  e _ 

TT  “  ^  j  7i  ^  C 

“e  r  ^  m  r  “m 


(3.  8) 


where  C  and  C  are  constant  vectors  (i  e.  dipole  moments. )  Furthermore 
'■e  ~  m 

in  the  range  where  kr  —  0,  we  have 


C  C 

~e  ,  ”  m 

^  —  and  TT  ^ - 

-e  r  -m  r 


(3.9) 


so  that  ^3.  7)  becomes 


C 

E®  =  V(V  ir  )  :^v(  V  •  “) 
-  -e  r 


(3.10) 


H''=v  (  V  *  TT  )c^y(v  -  )  . 

~  ~  m  r 


Identifying  (3,6)  and  (3. 10)  we  obtain  the  expressions 


C  =-E'A^  C  ---I- 

-e  -  m  ¥  p 


-/!  ''5" 


(3.11) 


and  the  far  field  is  then  given  by  (3.0)  ,  (3.8)  and  (3. 11).  This  approximation  to  the 


field  is  thus  completely  defined  once  the  constant  vectors  A  and  A  are 

-e  -m 

specified.  These  are  obtained  b>  considering  the  static  problem  for  the  spheroid. 
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Rayleigh  gives  the  solution  to  the  static  problem  in  the  tollowing  form.  If  the 
impressed  field  potentials  0^  ^  have  the  form 

0  ^  =  ux  +  vy  +  wz 


111 

for  some  ccxistants  v,  w,  then  the  vectors  A  have  components 

uVK  vVK  wVK 

e,  m  _  e.  m  e,  m  _  e,  m  ,  e,  m  _  e,  m 

1  +  K  L  '  y  "  '  1  +  K  M  ‘it-K  N 

e,m  e,m  e,m 


where  V  is  the  volume  of  the  spheroid. 


=(eVe-l)/4jr 


K  !  ix-i) !  ^ 

m 


L  =M=2W^-  — 


?  (?2  -  1)  ?  +1  ) 
0  0  ,0 


f?  e  -1 

N  =  47r  (^2  -1)  {-;^log  -  1 


In  the  present  case  (3. 5),  -y,  i.e.  u  =  w  =  0,  v  =  1,  and  thus 


A®  =  A®  =  0,  A®  =  - 

X  z  y 


_ V(e'  -  fc)  _ _ 

'  C  -1)  ?  +1  j 

47re  +  27r(e'  -e)l  - iog 


and  0  =  X,  i.e.  y  =  w  =  0,  u  =  1,  so  tnat 

m 


m_  m  m 

A  =  A  =  0,  A 
V  z  \ 


V(m'  -M  )  „ 

/  -  1)  ^  +1 


4*-  p  'r2^n{}^'  -p)  < 


log  , - r 

<r  -  i 

'  0 
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In  the  case  of  perfect  conductivity,  e'-»oo  and  p’->0  and  the  expressions 


become 


-  V _  m 

?(e2_i)  ^  +iy  \ 


1 - 

o 


c(c!-i)  c +iV 


o  o 


-  2ir  - - r 

\  o  Z 


(3.12) 


With  these  constants  thus  defined,  the  scattered  field  of  a  plane  wave  incident  along 
the  axis  of  symmetry  may  be  written  explicitly  as 


E^  =  -E‘(A%AVA(Vi>ikA::'VA(g^^^ 


- 


I—  ■  (  /  ikr  \  /  ij<r  \ 

e'  a^v  ava(2- C  )  -ikAl"  va(— t) 

V  jU  X  \r  x/  y  \  r  y/ 


or  alternatively 


.  /  /  ^  ikr  ikr  \  ikr  ) 

/  .  s  /  9  e  .,26  A  V  ..  .  oTi  e  A  v 

E  =  - E  (A  \V~ - +  -  1  )+  ik A  V  -  A  i  f 

-  1  y  \  9y  r  r  y/  X  r  x 


•  /  /  .  ikr 

fl  e‘  (a"-'  (v  f  ^ 

X  \  0x  r 


(3.13) 


r  X/  y  I-  y 


For  the  particular  case  of  back  scattering  (x=y  =  0)  these  expressions  reduce 


=  -E  A 


lx  =  y  =  0 


i  f  e  /ik  1  m  /  ik  .  2\ 

(\  'A 


ikz 

e  A 

-  1 

z 


X  =y  =0 


ikz 

e  A 

-  1 

z  X 
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and  the  back  scattering  cross  section 


L  =  4^  ('a" -a”)  . 

z->oo  j  y  y  X  y 

E 

If  the  spheroid  is  reduced  to  a  sphere,  i.e.  if  we  let  F 


while  FC  remains  fixed,  then 
o 


(3.14) 


0  and  ?  — >  CO 
*0 


52. ^ 


-i\  I  +1 
\  o  / ,  o 

- log  -,-77 


e  ^  3V  ,m  3V 

ana  A  ~  ^  ^  T~ 

y  Att  X  Qn 

and  the  expression  (3. 14)  for  the  cro  s  section  thus  reduces  to  the  well-known 


Rayleigh  cross  section  of  a  sphere. 


4,4  2 

"  -  ''  (i) 


Before  proceeding  with  the  derivation  of  subsequent  terms  in  the  series,  we 
note  a  simple  argument  given  b>  Siegel  (1359)  which  leads  to  an  approximation  to 
the  Rayleigh  coefficient  obtainable  with  ver>  little  effort.  This  is  based  on  the  con¬ 
sideration  that  when  the  wavelength  is  much  larger  than  the  bod>  dimensions,  the 
details  of  form  are  not  distinguishable  and  the  principal  tffect  of  the  bod>  depends 
only  on  its  size,  i.e,  volume.  The  dominant  term  in  the  scattered  field  should 
I  thus  be  expressible  in  terms  of  the  volume  plus  a  correction  factor  indicative  of  the 
I  general  shape.  This  is  verified  in  the  following  manner  for  the  case  of  a  plane  wave 


incident  on  a  perfectly  c'^mducting  surface  along  the  axis  of  symmetry-. 
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The  ge  neral  multipole  e  qjansion  of  the  scattered  or  radiated  field  shows  that 
for  the  Rayleigh  region  d  good  approximation  to  the  far-zone  field  is  given  by  the 
dipole  term  alone.  This  in  turn  can  be  found  by  integrating  the  field  strength 
multiplied  by  the  moment  axis  over  the  surface,  if  the  former  is  known.  If  the 
observation  point  is  on  the  axis  of  symmetry,  the  integral  reduces  at  once  to  the 
form 


TTp^  a{z)  dz 


O 


where  p,  2.  are  cylindrical  coordinates  of  the  surface,  /  is  the  length,  and  a{z)  is 

the  amplitude  of  the  field  on  the  surface.  (The  electric  and  magnetic  fields  are 

treated  in  identical  fashion  and  contribute  equally  to  the  scattering  cross  section). 

If  p  <<  1,  i.e.  if  tlie  body  is  elongated,  then  a(z)  is  slowly  varying  over  the 

max  ^  ^ 

range  of  mtegrauon  and  ma\  be  approximated  by  a  constant  which,  in  analogy  with 

the  case  of  a  plane  surface,  we  may  take  to  be  twice  the  amplitude  of  the  incloent 

field.  Undei  ‘hese  assumptions  the  far-field  amplitude  of  the  electric  vector,  which 

is  the  sum  of  the  contributions  of  tlie  electric  and  magnetic  dipoles,  becomes 

1,2  I 

E  =  ~  k^  E  V 

71 

where  E^  is  the  incident  amplitude  and  V  is  the  volume.  For  a  general  spheroid, 
prolate  or  oblate,  the  correction  factor  can  be  ascertained  by  comparison  with  the 
exact  Rayleigh  result.  This  is  given  by  Siegel  in  the  form 
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b  -a/b 
1+  —  e  ' 
jr  a 

where  a  is  the  axis  of  symmetr}-  and  o  is  the  transverse  axis.  Ihe  agreement 
with  the  true  Kayleigh  coefficient  is  withm  one  percent  for  an\  eccentricity.  The 


nose -on  backs  catte  ring  cross  section  is  then 


4  ,  4 

CT  k  V 

0 


It  is  not  at  once  apparent  how  Rayleigh's  formulation  could  be  used  to  derive 
rubsequent  terms  in  the  low  frequency  expansion.  The  problem  becomes  surprising¬ 
ly  involved  as  soon  as  the  dynamic  terms  are  introduced,  and  the  details  of  the 
existing  solutions  are  too  voluminous  to  be  included  here  in  their  entireU.  We  will 
limit  ourselves  to  a  general  description  of  two  independent  extensions  cf  Rayleigh's 
result,  which  more  or  less  parallels  the  account  given  by  Justice  (1956). 

The  two  methods  to  be  described  are  those  of  Tai  (1952)  and  Stevenson  (1953) 
and  following  Justice  we  will  refer  to  them  as  the  vector  mode  function  method  and 
the  potential  function  method  respectively.  Both  s'^lutions  are  based  on  the  assump¬ 
tion  of  power  series  representations  for  incident  and  scattered  fields  of  the  form 


(3.  15) 


and  the  applicability  of  the  results  is  naturally  limited  lo  cases  wht  re  tiu  st 
representations  are  tahd.  Since  the  powei  series  ••epiH  senlation  is  uni<iue 


r 
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provided  it  exists,  the  two  methods  mu^:.!  produce  equi.alent  results  m  the  region 
where  both  are  applicable.  They  differ,  hov\ever,  in  generaiit}'  and  range  of 
applicability.  The  potential  function  method  is  superior  in  these  respects  and  can 
theorttically  be  applied  to  any  body  for  which  the  requisite  potential  problems  can  be 
solved,  with  arbitral y  incidei.i  field  and  material  characteristics,  and  it  can  be 
carried  out  to  any  order  desired.  The  solutjon  is  given  in  detail  by  Stevenson  (iSSSbJj 
fcr  a  general  ellipsoid  of  arbitrary  material  with  plane  wave  incident  in  any  direc¬ 
tion,  <"arr'ed  out  to  the  third  order  (the  second  order  term  vanishing  as  in  the  scalar 
case. )  The  vector  mode  function  method  becomes  extremely  conipiicated  foi  off- 
axis  incidence  and  is  apparently  not  applicable  for  terms  beyond  the  third.  It  was 
originally  applied  by  Tai  to  a  perfectly  conducting  oblate  spheroid  with  symmetrical 
incidence,  and  subsequently  to  a  prolate  one  with  the  same  excitation  by  Justice. 

To  facilitate  the  description  and  comparison  of  the  methods,  we  will  consider  here 
onh  the  latter  problem.  The  more  general  results  of  Ste\enson  are  tabulated  in  the 
appropriaio  section  below. 

If  me  material  constants  of  the  media  are  incorporated  in  the  metrics  of  the 
field  vectors  (i.e.  if  Gaussian  units  are  used),  then  Maxwell's  equations  can  be 
written  in  the  form 


V  A  K  =  ik  H  ,  V  M  -  ik  E 


(3.16)^ 


V  •  K 


H  =  0 
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Also  if  n  1/  the  unit  normal  to  the  scattering  surface,  then  for  a  perfect  conducto’’, 
the  boundary  conditions  take  the  form 

A  E^  =  -nA  e\  =  -^  •  {3.1'^ 

Equations  (3. 16)  and  (3,  IT),  along  vvith  the  radiation  condition  on  the  :>cattered  wave, 
constitute  the  mathematical  statement  of  the  problem,  and  on  combining  them  with 
(3.  i5)  and  equating  coefficients  of  like  posvers  of  k,  there  results  the  set 


1,  s 

V AE  =  VAH 


1,  S  1,  S  1,  s 

=  r  •  E  =  V  •  H  ' 
o  — n  — n 


=  0 


everjovherc 


(3..ld)i 


,  _  i,  S 

tae  ' 


-n-i  “n  -n-1 


^  A  E^  =  -n  A  n  •  =  -ft  •  H  ^  on  the  surface. 

— n  — n  — n  ~  n 


Furthermore,  by  the  divergence  theorem. 


(3.  ig 


i 


J 

where  the  integration  is  over  the  surface  of  the  scatierer. 


ft  ♦  E^'  ^  ds  =  \  ri  •  H’’  “  ds  =  0 
~n  j  -n 


{3.20 


These  equations  form  the  basis  of  both  methods  of  solution,  and  despite 
their  apparent  simplicity,  it  develops  that  the  procedures  required  and  the  forms 
evolved  in  tithcr  method  rapidly  become  highlj  complex  and  \oluminous  for  the 


higher  order  terms,  so  tiiat  vee  must  limit  ourselves  here  to  a  gener.il  vlesenptiun  .md 
refer  the  reader  to  the  above-mentioned  sources  for  the  details  of  the  methods. 
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In  the  \ector  mode  function  method,  the  next  step  is  the  repeated  applicatiDn  of 
the  curl  operator  to  certain  of  the  equatons  (3. 18),  to  yield  at  once  the  vector 
differential  equations 


VA\AE^=VArAH^=0 


(3.21) 


V  A  V  A  V  A  =  r  A  VAV  A  =  0 

Tile  problem  then  is  essentially  that  of  representing  the  incident  and  scattered  fields 
in  terms  of  solutions  of  these  equations  and  the  first  of  (3. 18)  which  have  the  proper 
tjTjes  of  radial  dependence  and  which  permit  the  satisfaction  of  the  boundary  con¬ 
ditions  on  the  scatterer.  Considering  the  limited  a\ailable  knowledge  of  general  so¬ 
lutions  of  these  types  of  equation,  this  process  is  necessarily  more  inductive  than 
deductive,  and  ii  is  easily  inferred  that  a  thorough  study  of  the  intimate  character¬ 
istics  of  the  spheroidal  system  must  have  been  required  for  its  completion.  The 

i  s 

process  starts  with  tl.e  formation  of  two  sets  of  spheroidal  iiarmi  nics,  ^  J  and 
e  ^  whose  gradients  satisfy  the  boundary  conditions  on  and  H*'  ^  re- 
spectivelj.  These  gradients  automatically  satisfy  the  vector  equations  given  above 
as  well,  and  from  them  mor  ’  ector  solutions  can  be  formed  m  a  manner  similar  to 
the  construction  of  Hansen's  vector  wave  functions.  The  spheroidal  harmcmics,  as 
pointed  out  in  Section  2.  1,  are  ca&ily  constructed  Irom  Legendre  and  ti  igonometric 


funct’i)ns.  Speciticall} ,  we  can  write 
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p'^(£)  A  f cos  m  0  ] 

'^mn  n  i  I  I  •  m 

Q  {£)  I  sm  m  0 

"  y  [ 


(3.22) 


with  the  choice  of  P  or  Q  functions  determined  by  the  desired  beha\ior  as  C — ^■oo, 

and  that  of  cos  or  ,»in  by  the  required  0 -dependence.  The  gradients  of  the  first  bvo 

sets  of  these  potential  functions  are  required  to  satisfy  the  boundary  conditions  (3. 19) 
is  is 

on  E  '  and  H  '  ,  and  the  additional  vector  solutions  necessary  for  the  representa- 
o  o 

lion  of  the  higher  order  terms  m  the  field  expansions  are  e'l^jressed  as  linear  com- 
bmations  of  certam  of  these  harmonic  functions  and  their  gradients,  multiplied  in 
the  appropriate  manner  by  certain  recUngular  cr  spheii-.al  coordinate  vectors.  The 
choice  of  an  adequate  set  of  such  functions  for  the  representation  of  the  incident  and 
scattered  fields  and  the  proper  construction  of  this  representation  is  an  inductive 
process  too  complicated  to  be  described  here  in  detail.  In  general  it  entails  the  ex¬ 
pression  of  the  first  three  terms  m  the  incident  field  expansion  in  terms  of  five  dis¬ 
tinct  vector  mode  functions,  chosen  on  the  basis  of  their  angular  dependence,  and 
several  aroitrary  constants  not  uniquer  determined  by  tlie  incident  field  alone. 

Each  of  these  five  functions  is  associated  with  a  corresponding  function  in  the 
scattered  field,  and  the  boundary  conditions,  including  the  radiation  condition  on  the 
{  scattered  field,  are  applied  to  each  mode  indi\  idually.  If  the  various  functions  and 
combin.itions  have  been  properly  «_liosen  this  process  determines  uniquely  all  the 


constants  apjKaring,  and  the  solutim  oi  the  problem  is  complete  out  to  the  third 
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term  in  the  power  series  expansion.  It  should  be  noted  that  aside  from  the  tre¬ 
mendous  mcrease  in  complication  vUiich  would  result  from  consideration  of  tc^rms  of 
still  higher  order,  the  method  would  apparentlj  break  down  completely,  since  it  has 
jbeen  shown  by  Stevenson  that  the  terms  beyond  the  third  in  the  scatterec  field  do  not 

i 

satisfy  the  radial  on  condition  individually,  but  only  collectively,  and  wiviiout  this 
condition  on  each  mode  it  is  impossible,  bj  the  present  method  at  least,  to  deter¬ 
mine  all  the  unknown  constants  involved.  Some  of  the  explicit  forms  evolved  in  this 
solution  are  tabulated  in  the  appropriate  section  below. 

In  the  potential  function  method  developed  by  Stevenson  the  first  steps  are  the 
same  as  in  the  previous  method.  It  is  a  trivial  matter  to  find  potential  functions 
0^,  V  ^  whose  gradients  match  the  first  terms  of  the  incident  field  expansions,  and 
the  first  equations  of  (3. 18)  and  (3. 19),  together  with  the  required  behavior  at 
infmity,  then  define  standard  Dirichiet  and  Neumann  problems  for  the  potentials 

0  ,  ,  respectively,  such  that  E  =  V  0  *,  H  =  V  .  The  next  stage,  how- 

00  “0  0  “O  o 

s  s 

ever,  cannot  be  reduced  to  potential  problems  alone,  since  ,  and  are  not 

irrotational  vectors.  The  procedure  is  \o  write  each  of  these  as  the  sum  of  an 
ir "otational  and  a  solenoidal,  component.  The  electric  vector,  for  example,  is 
w'ritten 

E®  =  F  +  V  0®  (3.23) 

where  F  ^  has  zero  divergence,  vanishes  at  mfLnit>,  and  satisfies  the  ecjuation 
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VAi,=H, 


(3.24) 


I  g 

[and  is  therefore  an  external  harnionic  function  which  must  satisfy  the  boundary 


condition 


A  = -^  l^  +  E^j  (3.25) 

g 

Determination  of  is  thus  again  a  standard  potential  problem,  once  the  particular 
solution  of  (3,24)  having  required  properties  is  found.  If  the  right  hand  side  of 

_3 

an  equation  of  the  form  (3.24)  vanishes  at  infinity  at  least  to  order  r  and  if  its 
divergence  is  zero  as  well  as  the  integral  of  its  normal  component  over  the  scattering 

g 

surface,  then  we  can  write  an  integral  expression  for  the  solution  which,  since  H 


satisfies  these  conditions,  in  this  case  has  the  form 


1  \  s  1  , 

F=VA7~  H  ‘-dv 
”  1  471  J  -o  r 


(3.26) 


where  dv  is  the  volume  element,  i  is  the  distance  between  observation  and  inte¬ 
gration  points  anvl  the  integration  covers  the  entire  space,  including  the  interior  of 
the  scatterer.  In  order  to  complete  the  definition  of  this  integral,  that  of  H^m''St  be  ex- 
tended  to  cover  the  interior  of  the  bodv .  Since  II  satisfies  the  latter  equation  of  (3.20) 

_o 

g 

this  can  be  done  by  finding  an  internal  harmonic  function  such  that 


n  '  V  C  .  =  ft  •  =  n  •  V  e 

oi  — o  o 


(3.27) 


on  the  surface,  which  is  an  ordinary  Neumann  potential  problem.  Bv  making  u..e  el 


the  form 


} 
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we  can  v/rite  finally 


s  1 
-1  "  47r 


jl4  (;)*■=  JH^AV  (i)  dv 

~r  ^  r  ^ 

J  dv+  j  (“)  dv  +7^® 

E  I 


(3.28) 


where  the  first  integral  covers  the  exterior  of  the  scatterer  and  the  second  the 

g 

interior,  and  0^  is  the  potential  satisfying  (3.25)  with  F^,  given  by  (3.26).  The 

g 

magnetic  vector  is  constructed  in  analogous  fashion  an<i  can  be  written 


~1  4a- 


V0®  AV  dv+  Jv^^i  AV  (7)  dv  +7!/.®  (3.21 

I 


s  s 

with  0^,  0^.,  defined  by  standard  potential  problems  as  before. 

! 

The  procedure  for  finding  the  next  term  in  each  series  is  similar  to  the  above, 

s  s 

but  here  the  situation  is  complicated  by  the  fact  that  and  vanish  at  infinity 
-2 

only  to  order  r  ,  and  the  integrals  corresponding  to  (3.26)  a.e  accordingly 

d'  ergent.  This  difficulty  can  be  overcome  by  constructing  another  pair  of  external 

s  s  s  s 

harmonics  0,  ,  whose  normal  derivatives  match  those  of  E,  and  H,  on 
^ie  le  -1  -1 

some  surrounding  surface  exterior  to  the  scatterer,  which  can  be  arbitrarily 


large.  We  can  then  write  for  the  electric  field 

E^  =  F  +  V  0^ 
-2-2  ^2 

with  F  given  in  the  region  ^  e  f  .  £  bv  the  for 
-  2  o  —  —  1  ■ 


(3.30) 
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r  f  f  ^ 

j  H^AV(^)dY+  ^  V  0^.AV(^)dv+  ^  V  ^j^AV(^)dv 


(3.31) 

s  s 

(Here  ,  is  an  internal  harmonic  whose  normal  derivative  matches  that  of  l  on  C  . ) 
le  1  o 

For  C  >  however,  this  expression  is  of  no  use,  since  here  it  jdelds 
s  s  s 

^  A  En  ~  /  H.»  and  thus  the  function  0  is  not  yet  determinable  as  an 

^  10  1  O 

external  harmonic.  We  are  forced  to  resort  to  using  another  type  of  expression  for 
the  field  vectors  consisting  of  surface  integrrds,  of  the  form 

=  ik^ft  ds  +  VA  A  ds  -y^ft'E^'^^ds  (3.32) 

ikr 

e 

where  p  -  *  r  is  the  distance  from  a  point  on  the  surface  to  the  field  point,  and 

the  integi-ation  covers  the  scattering  surface  in  each  tei  in.  When  the  field  ex¬ 
pressions  (3. 15)  and  the  standard  exponential  series  are  substituted  here  and 
coefficients  of  like  powers  of  k  are  collected,  there  results  a  set  of  ecjuations  in  the 
components  E^’  of  which  the  pertinent  one  for  E^  is 


o  \  1  A  c 

471  E^=\  -  e  A  h:  ds+  V 
“2  >  r  -  1 


aI“  f  a  E,^  ds  +  V  a  Tr  ^  /\  ds 
Jr  “2  2  I  ~o 


-V  \  “  •  E.^  ds  -  ^  V  \r •  E®  ds 

r  -2  2  ~o 


(3.33) 


(The  remaining  terms  which  apfiarently  enter  can  easily  be  shown  to  vanish.)  The 
second  term  can  be  written  in  terms  oi  the  known  lunetions  E,',  t)\  virtue  oi  the 
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boundary  condition  (3, 19),  and  substituting  (3.30)  in  the  fourth  tei-m,  we  can 


write 


\viih  43r 


E2--F'j+V 


1  A  C  I  1  i 

-  f  A  H  ds  -Va  \  -  C  a  e'  ds 
r  -1  -2 

+  |va^  rt  aE®  ds V  fr  t  •  E®  ds 
^  J  ~o  2  j  -o 

-vfi  |.  Fjda 


(3,  34) 


(3.  35) 


t-  ^0®  ds. 


(3.36) 


The  value  (3.  31)  for  F  can  now  be  used  in  the  last  term  of  (3. 35)  and  F’  „ 

is  thus  complehjly  determined,  and  furthermore  it  is  easily  shown  that  botli  E^  and 
F  2  vanish  at  inimity,  so  that  is  an  external  harmonic  function  and  is  thus  de¬ 
terminable  by  means  of  the  boundary  condition  given  by  (3. 19),  (3.34),  and  (3,  35). 

s 

The  determmatior.  of  E2  is  now  complete,  and  that  of  H,'  is  perfectly  analogous. 

Stevenson  makes  the  statement  that  the  general  method  described  here  can  be 

carried  out  to  my  order  desired.  However,  the  success  of  the  method  with  higher 

order  terms  depends  on  the  abilitA  to  find  particular  functions  F  to  represent  the 

-n 

solenoidal  components  of  each  term,  and  lurthernno'e  the  fact  that  the  field  com¬ 
ponents  E|  ,  H  do  not  vanish  at  mlinit\  tor  1  o  2  render^  the  problem  of  finding 
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s 

the  irrotationai  components  ~  0  more  difficult.  The  details  of  ho  these  diffi¬ 
culties  might  be  overcome  have  not  been  published. 

Another  difficulty  »"it}i  this  representation  arises  when  the  far  field  is 
c'^msidered.  The  behavior  of  the  higher  order  terms  indicates  that  the  given  series 
becomes  useless  as  r  increases  without  limit.  A  new  representation,  however, 
which  is  valid  everywhere  outside  a  large  sphere  surrounding  ^he  scatterer,  can  be 
derived  m  a  manner  similar  to  that  used  by  Rayleigh  to  obtain  the  far  field  repre¬ 
sentation  from  that  of  the  near  field.  In  the  paper  uf  Stevenson  that  is  accoiTiplished 
b}  writing  the  gene’-al  expressions  for  the  components  of  an  exterior  E  (or  TM) 
w'ave  and  an  H(or  TE)  "  ave  in  terms  of  spherical  wave  functions  and  expanding  the 
radial  components  in  double  power  senes  in  k  and  R.  Each  coefficient  in  the  radial 
component  of  the  near-ficld  series  determined  earlier  is  then  expanded  in  powers  of 
R  and  rne  two  expansions  thus  obtained  are  compared,  term  by  term,  yielding  a 
l^encral  relation  between  the  individual  surface  harmonics  involved  in  the  expression 
oi  the  far  field  and  those  of  the  near  fiela.  Once  the  latter  are  obtained  from  the 
previous  analysis,  the  far-fieid  expressions  are  easily  written  down.  It  develops 
also  that  no  accuracy  is  lost  in  passing  from  the  near  to  the  far  field,  i.e., 
knowledge  of  N  terms  in  the  near-field  scries  gives  at  once  N  terms  of  the  fai  -field 
series.  Tne  explicit  expressions  for  the  far  field  are  given  m  Section  4.1. 

Still  .mciher  method  of  deriving  the  vector  RaUeigh  series  is  vieseribed 
by  Senior  This  in  periiaps  mure  straightiurwai  d  and  schenmlieallv  sinijile 
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than  either  of  the  above  methods,  and  tfiere  are  no  analytical  difficulties  in  carrying 

It  out  to  any  arbitrary  degree;  however,  again  the  quantity  of  labor  involved  rapidly 

approaches  a  prohibitive  level  as  the  number  of  terms  increases,  and  to  date  the 

forms  have  been  worked  out  only  as  far  as  those  in  the  previous  solutions,  and  only 

for  a  conducting  spneroid  with  plane  %vave  incident  nose -on. 

The  first  step  in  this  procedure  is  to  expand  the  incident  and  scattered 

fields  in  terms  of  appropriate  sets  of  Hansen's  vector  wave  functions.  The  question 

of  optimum  choice  of  these  sets  is  still  more  or  less  open,  but  for  reasons  of 

simplicity  and  generality  the  ones  chosen  were  based  on  the  radius  vector  r_,  and 

.vith  this  basis  and  with  the  assumed  incident  field,  the  only  sets  of  vector  functions 

resulting  are  the  Me  and  Ne^  ,  as  defined  in  (2.  43)  with  r  replacing  a  .  In 

0  o^‘ 

particular  the  scattered  electric  field  has  the  representation 


s 

E  =  /  (A  Mo ,+  B  Ne,  ) 
—  ^ n  ~  In  n~  in 


(3.37) 


with  the  coefficients  A  ,  D  as  yet  undetermined.  The  vector  functions  may  be 
expressed  in  terms  of  the  prolate  spheroidal  coordinates  by  formulas  analogous  to 
those  of  (2.49),  and  using  these  forms  and  the  explicit  expression  for  the  incident 
electric  field,  which  is 


,.d  A  ..  /F"  -  1  "ice  b  ..A  -icen 
-  '  cos0-i^e  sin0. 


(3.38) 


the  boundary  conditions  on  the  surface  12.  4())  iieconie,  after  some  manipulation. 
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n  =  l  ^ 

/o\  (3)« 

-2?7Xf2  -1K1-\j2)  S‘^^(c,r?)Rj^'(c.C)-2(?2-lv2  r.2  (^,0 

I—  “j  (3)t  ] 

+{C^ -IKC^ -’i^)(i-n2)j_s^^(c.n)+r<s'^^(c,n)J  R,^  (c,c)j 


=  E: 


o  <»  ,  V  (3),  »v  /  ..n-1  (n"l)(c ni) 

3^crXC-r)  )  S^^(c,  n)R^^  {c,C)-(-i)  T}(n-l)l 


(3.39) 


n  =  1  (  ^ 


-A  ~  Rsi  (c,  n)R?^c,C)-»is  (c,  n)R^''Nc,f) 

n  1_  In  in  In  In 


n-1  (c  ?  r?)”  ^ 

'TTir 


'(C'^ -i)(i-n")  =0 


where  C  is  the  coordinate  of  the  scattering  surface  and  the  primes  indicate  differ¬ 
entiation  with  respect  to  C  or  n  .  All  quantities  appearing  here  which  depend  on  c 
are  now  expanded  in  power  series.  These  include  the  coefficients  A^  and  t>'e 
eigenvalue  ,  and  the  spheroidal  functions,  which  must  be  expressed  in  terms 
of  the  corresponding  sets  of  spherical  ones.  The  magnitude  of  the  task  now  be¬ 
comes  apparent.  It  is  not  hard  to  show,  however,  that  once  these  expansions  are 
inserted  and  the  coefficients  of  like  powers  of  c  collected,  the  result  is  an 


t'  < 
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LSstntiali\  inanguiar  bVstem  of  equations  in  the  coefficients  in  the  po'Aer  series  ex¬ 
pansions  A  A  and  B  ,  so  that  these  can  be  determined  sequentially  out  to  am  order  I 
n  n  '  ' 

desired.  Again,  the  explicit  forms  a  ill  be  tabulated  later. 

Ontr  more  attack  on  the  scalar  problem  might  be  discussed  briefly  here, 
though  from  the  standpoint  of  generality  and  rate  of  convergence  it  might  equally 
Aell  be  classed  as  an  exact  solution.  This  is  the  Schwinger  variational  technique 
for  the  solution  of  an  integral  equation,  as  applied  to  the  problem  of  a  hard  spheroid 
Mth  nose -on  plane  Aa\e  incidence  by  Sleator  (i9G0).  The  formulation  cf  the  mtegral 
equation  for  the  \elocity  potential  of  the  total  field  is  standard  procedure,  and  the 


equation  may  be  written 


r 

a/  1  1  \  (r,  r’)  ,  , 

)!(r)=e  J  ^(r)-  da' 


(3.40) 


where  r  is  the  field  point,  r’  me  source  pomt,  -  ^ '  e  ;s  the  normal  derivative 

dn’ 

of  the  free  space  Green's  function,  and  the  integral  covers  the  scattering  surface  S. 
Direct  application  of  the  boundac  condition 


dn 


(3.41) 


to  (3.  40)  gives 


j  — ;~G(r,  r')da' 

on  47r  o  "  cinoir 

s  ^ 


(3.42) 


U  has  been  shown  by  Ji.'iies  (i'JoG)  Uiat  this  technique  is  in  general  eiiuualent  to  a 
method  (le\eloped  earlier  b\  Galerkiu  tlOl'))  lor  tiie  solution  of  certain  types  ol 
integral  equations. 
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(The  formal  differentiation  under  the  mtegral  is  not  »:4)vioush  iegitimate,  smce  the 
resulting  integral  is  apparently  di\ergent.  This  difficult},  however,  can  be  over¬ 
come  b}’  proper  treatment  of  tl.e  ensuing  forms,  and  a  slightlv  more  complicated  but 
equivalent  formulation  would  obviate  it  completely.)  The  Schwinger  technique  is  to 


define  next  the  quantitv- 


(l(r) 


G  (r,  r')^  (r')da  da* 


ondn 


(  0{rb~e  da  | 
S  J 


(3.43) 


and  it  can  be  shown  that  the  potential  0(r)  is  then  the  solution  of  the  variational 
problem  6  J  l0j  “  0*  If  ^ilso  follows  that  the  total  backscattering  cross  section  15 
given  by  the  formula 


rr  s  4  y  I  J  1 

I  "o  I 


(3.  44) 

where  is  the  stationary  value  of  jC^J  .  It  might  be  noted  here  that  the  usual 
procedure  with  this  mechanism  is  to  assume  a  simple  trial  function  for  the  surface 
potential  0(r'),  for  which  the  integrals  are  more  or  less  manageable.  Smce  the 
error  in  the  result  is  proportional  to  the  square  of  that  in  the  trial  function,  the 
calculated  function  should  be  mure  accurate  than  the  original  one,  and  the  process 
can  be  iterated  if  necessary.  In  certam  cases  of  separable  geometries,  however, 
the  iterative  scheme  can  be  replaced  b>  an  expansion  process.  Specificallv ,  if  the 
unknown  function  0(r)  is  expanded  in  terms  of  an  appropriate  set  f  angle  functions 
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•Aith  coeificienta  ’Ahich,  m  a  symmetrical  problem,  are  functions  only  of  the  radial 
variable,  application  of  the  stationarj-  condiuon  to  yields  at  once  an  infmite 


system  of  equations  for  these  coefficients,  \\ho5e  solution,  if  it  exists,  gives  an 
exact  representation  of  the  unkno'AH  function  0(r).  As  a  matter  of  fact,  if  the  basis 


functions  useo  are  the  standard  orthogonal  eigenfunctions  of  the  problem  in  question 
and  if  the  Green's  function  is  similarly  expanded,  then  the  integrals  are  all  tractable, 
the  mfmite  s\stem  is  diagonal,  and  the  soludon  immediately  reduces  to  the  standard 
wave  function  solution  discussed  previously. 

In  the  work  of  Sleator,  however,  the  sphero.dal  functions,  which  are  the 
natural  basis  for  the  expansions,  are  by -passed  in  an  effort  to  simplify  the  numerical 


treatment,  and  the  potential  is  expanded  directi}  ’.n  Legendre  functions. 


n)=^A  (UP(n). 

^ — ’  li  u 


(3.45) 


Substitution  into  (3.  43)  and  application  of  the  stationary  condition 


=  0  for  all  f.1 


yields  the  infinite  system 


/  A  C  =47rB 
^ p  pv  v 

p  =  u 


I'  =0,  1,  2  — 


(3.46) 


w  ne  re 


^p  I 


P  (o)  y 

P  - rG(r,r')P  (ri')  da  da' 

o'  n  o  n'  i 


(3.47) 
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B  =  )P(n)— e^^da.  (3.48) 

^  ^  ^  on 

If  a  Fourier  integral  representaticu  is  used  for  the  Green’s  function  in  (3.47), 
then  by  rearranging  the  7-fold  integral  that  results,  it  is  possible  to  earn,  out  all 
but  one  of  the  integrations  in  closed  form.  The  last  integration,  ho\\e\er,  is 
apparently  best  handled  by  numerical  or  graphical  techniques.  The  system  (3.46) 
can  be  proved  convergent  and  can  therefore  be  solved  in  truncated  form  to  any  order 
desired.  The  integral  in  (3.48)  is  immediately  obtainable  from  known  forms. 

It  is  thus  possible  to  obtain  an  exact  solution  to  the  spheroidal  scattering 
problem  without  resorting  to  the  spheroidal  wa\e  function,  but  the  amount  of  labor 
involved  in  evaluating  the  integrals  (3.47)  and  solving  the  system  (3,46)  make  it 
questionable  whether  this  method  is  preferable  to  the  one  previously  desiribed.  At 
any  rate,  the  number  of  terms  required  .n  the  series  (3.45)  increases  with  the  fre¬ 
quency  in  the  same  manner  as  in  the  wa\e-lunction  solution,  and  the  quantiti  of 
labor  involved  rises  much  more  rapidly,  so  that  for  practical  purposes  the  \ari- 
ationai  solution  is  perhaps  justly  classified  as  a  low-frequency  approximation. 

An  analogi  us  formulation  of  the  vector  problem  is  much  more  complicaUd 
and  leads  to  intc'grals  which  appear  prohibitively  diflicult  to  evaluate. 

3.1.2  High  Frequency  Approximations 

As  indicated  in  the  pre\  luus  section,  the  extensi  'n  ol  low -lrequene>  apjiroxi- 


matiun.'^  .ind  teehnniues  to  «.o\ei  t!ie  regions  \vhere  tin  both  dimensions  t  \eee  i  oi 
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even  approacn  the  wavelength  of  the  incident  radiation  is  fraught  with  difficulties  of 
se\eral  kinds,  principal  of  which  are  the  inordinate  amount  of  labor  required  in  de¬ 
riving  the  successive  terms  in  the  field  expansions  and  the  limited  range  of  con¬ 
vergence  of  the  results .  One  light  hope  for  belter  luck  at  the  other  end  of  the  spec¬ 
trum,  and  indeed  the  situation  does  turn  out  to  be  more  favorable  therf .  Various 
methods  based  on  optical  laws  have  been  developed  in  considerable  generality,  and 
when  applied  to  the  spheroid  problem  some  of  these  produce  reasonably  good 
approximations  which,  under  certain  circumstances  at  least,  exUmd  well  into  the 
resonance  region.  These  circumstances  usually  involve  limitations  on  some  other 
parameter,  however,  so  that  it  cannot  be  said  that  the  problem  is  completely  solved. 
Before  going  into  these  combined  restrictions,  we  will  mention  briefly  the  limiting 
lorms  of  the  exact  solution  when  the  frequency  increases  indefinitely.  In  the 
interest  of  simplicity,  consider  first  only  bodies  which  .ire  perfect  conductors. 
The  modifications  of  the  theory  required  to  cover  dielectric  bodies  w  ill  be 


developed  later. 

3. 1.2.1  Geometric  and  Physical  Optics 

The  ultimate  fonr  of  any  scattering  plivrunricuuii 


as  tin.'  wavelength  de¬ 


creases  (winch  iorm  can  ol  course  lie  termed  tiie  first  approximation  for  small  be.t 
finite  wavelength)  is  completeh  ilcscribable  in  terms  ol  tin  laws  ol  geometric  •■plies. 
In  this  limit  the  scatteiaii  field  o!  an\  .smooth  con\e\  eonduiting  In.'ds  i.i  determineii 
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at  any  exterior  point  entirely  by  the  curvature  of  the  bodj  at  the  specular  point,  i.e. 
that  point  on  the  surface  where  an  incident  ray  and  a  reflected  ray  through  the  obser¬ 
vation  point  are  coplanar  vith  the  surfs ce  normal  and  make  equal  angles  with  it.  It 
is  not  hard  to  show  that  if  and  are  the  print  .pal  radii  of  curvature  at  this 
point,  then  the  scattei  ing  cross  sectioa  a  is  given  by  the  expression 


and  this  is  customarily  used  as  a  normalization  factor  for  values  of  a  obtained 
otherwise.  These  results  are  also  derivable  in  terms  of  a  hmit  for  vanishing  wave¬ 
length  of  a  more  general,  frequency  dependent  result  (se^,  for  example,  Siegel  et  al 
1955),  which  is  considered  below.  Also  it  is  shown  by  Crispin  et  al  (1953)  mat  in 
this  limit  for  sufficiently  smooth  bodies,  the  geometric  optics  cross  section  with 
transmitter  and  receiver  separated  by  an  angle  P  is  ecjual  to  that  observed  if  both 
are  located  on  the  bisector  of  this  angle.  In  the  former  reference  an  expression  is 
derived  for  the  geometric  opt'cs  cross  section  as  a  function  of  the  separation  angle 

P  with  transmitter  located  in  the  axis  of  symmetry.  For  the  range  P  •  ti  this  is 

> 

I  iP)  =  An  b**  a”  Qi’(f  >  cos  oVb"(l  -cos  o’)1  . 


I 
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By  the  above  theorem,  this  expre::‘'>ion  also  gives  'he  monostatic  cross  section  if 
transmitter  and  receiver  are  both  located  at  an  angle  3/2  vvith  respect  to  the  major 
axis  of  the  spheroid. 

The  question  of  the  accuracy  of  these  results  and  the  lower  limit  of  the 
frequency  range  m  which  they  can  reasonably  be  appLed  is  not  easily  answered. 
Undoubtedly  this  depends  on  the  eccentricity  of  the  body  and  also  on  the  directions  cf 
incidence  and  observation.  Some  indication  of  this  is  furnished  by  the  fact  that  the 
geometric  optics  result  for  nose -on  backs catte ring  from  a  paraboloid,  which  is  one 
limiting  form  of  a  spheroid  as  the  eccentricity  approaches  unity,  is  indeed  exact. 

The  scarcity  of  data,  either  theoretical  or  experimental,  at  high  frequencies  makes 
It  difficult  to  establish  in  general  where  the  optical  laws  become  dominant.  Recent 
work  on  the  scalar  problem  for  a  spheroid  of  axis  ratio  10: 1  (Goodrich  and 
Kazarinoff  ,1962  )  indicates  that  there  are  resonance  phenomena  occurring  even  in 
the  range  ka  —  lOu  for  this  body,  and  it  is  clear  that  in  general  the  geometric  optics 
result  is  of  limited  value  in  most  practical  problems.  The  underlying  principles, 
however,  form  the  basis  of  a  mure  refined  geometric  approach  which  will  be  dis¬ 
cussed  presently  and  wioch  has  proved  both  ph}sicall>  illuminating  and  practicalty 
useful. 

Before  dealing  w  itli  the  latter,  we  will  consider  a  somewhat  simpler  but 
still  sometimes  useful  approach  based  on  Hingen's  pnncipi  ■  (otherwise  known  as 
Kirchhoil  theor\.)  This  is  tiic  well-Known  physical  optics  solution,  which  is 

_ _  »  ^ 
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discussed  at  icr^ih  for  tht=  sphere  problem  in  the  first  report  of  this  series.  The 
qualitative  aspects  of  the  spheroid  solution  are  generally  similar  to  those  of  the 
sphere  though  the  specific  forms  are  of  course  more  complicated  and,  to  the  best 
of  our  knowledge,  have  not  been  worked  out  in  as  great  detail.  Accordingly  we  here 
content  ourselves  with  a  rather  brief  formulation  and  listing  of  the  available  results. 
The  essentials  of  the  KLrchhoff  theory  can  be  embodied  in  the  formula 

if  / 

s 

where  H  i  tlie  total  magnetic  field  on  the  surface,  (here  the  tangential  component 


may  be  used  since  the  normal  component  is  eliminated  by  the  vector  product, ) 
is  the  unit  normal  out  of  S,  and  R  is,  as  usual,  the  distance  from  a  point  on  the 
surface  to  the  field  point.  The  integration  covers  the  surface,  niid  if  the  true  value 
of  His  employed,  the  expression  is  exact.  The  physical  optics  approximation, 
however,  which  represents  the  principal  utility  of  the  form,  is  based  on  the  sub¬ 
stitution  of  an  approximate  value  of  H,  specifically  the  \alue  given  by  the  geometric 
theory  for  a  locally  plane  surface,  which  is  twice  the  tangential  component  of  the 
incident  magnetic  field  in  Ihi-  illu;,'inatcd  region  and  /.ero  in  the  shadow  region. 

Even  with  this  approximation,  the  evaluation  of  the  integration  (3.50)  is  not  trivial 
in  gem  ral,  since  except  in  the  case  of  symmetrical  incidence,  the  shadow  curve, 
which  bounds  the  region  ol  integration,  mv  jl\es  both  angular  coordinaU  and  the 
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quantity  R  is  itself  a  complicated  expression.  If  we  consider  only  the  far-field 
scattering  cross  section,  however,  some  simplification  is  possible,  and  if  the 
incident  field  is  required  to  be  a  plane  wave  propagating  along  the  axis  of 
symmetry,  a  simple  result  is  easily  obtained  for  the  backscattering  cross  section. 

Consider  irst  the  case  where  the  transmitter  is  located  in  the  axis  of 
symmetry,  which  we  taK(  o  be  the  z-axis,  emitting  a  plane  wave  of  unit  amplitude 


with  magnetic  vector 


A 

1  A  -iki  •  r 
H  =1  e  z  -- 

“  X 


(3.51) 


and  the  receiver  is  cit  a  large  distance  froi.>  the  scatterer,  separated  from  the  z- 
axisby  anangle0.  If  £  =  r  ^  is  the  position  vector  of  the  observation  point  and  r' 
that  of  the  integration  point,  then  the  gradient  in  (3.  50)  can  be  approximated  by  the 
form 


/  ikR\  ikr 

V  e - Ue _ 

V  R  /  r 


,  A,  -ikr  •  r' 
t-ikr)e  - 


and  using  this  and  the  approximation  specified  above  for  the  field  Hon  tiie  surface, 
we  can  write  the  scattered  field,  after  some  rearrangement,  as 


I KT 

ik  e  [“A, A  a"] 

If  =  - - -1  (r  .  f)+f  (i  .  r) 

~  27r  r  I  X  -  -  X  —I 


(3.52) 


•,  ,  /A  A. 

^  -ikr'*  (i  +  r)  ,  , 
n  e  -  z  ds 


(3.53) 
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S'  being  the  illuminated  region  of  the  surface.  For  the  case  of  backscattering,  i.e. 

r  =?  ,  the  second  term  in  the  bracket  in  (3.52)  disappears  and  the  far  field 
z 

ikr 

0 

amplitude,  which  is  the  coefficient  of  -i  -  in  (3.52),  can  be  written 


F(0)=  ^ 


-2ikz’ 

n  e  ds 
z 


(3.54) 


wnere  n^  is  the  z  component  of  the  outward  normal  and  z'  is  the  z  coordinate  of 
the  integration  point. 

When  the  above  formulas  are  applied  to  the  prolate  spheroid,  the  resulting 
expression  for  the  nose -on  backscattering  cross  section  is  easily  found  to  be 


a  = 


,  sin  2ka,  /sin  ka 

i  “  +  v'  . . . 

\  ka 


ka 


21 


(3.  55) 


a 

The  function  in  brackets  is  plotted  for  a  10;  1  spheroid,  over  a  limited  range  of  ka  in 
Fig.  24,  along  with  various  other  solutions.  The  expected  discrepancies  in  the  re 
gions  of  large  wavelength  are  apparent  at  once.  For  larger  ka,  the  oscillation 
about  the  geometric  optics  value  seems  reasonable,  but  a  close  comparison  of  the 
analogous  form  lor  the  sphere  with  the  exact  (wave -function)  solution  (see  Crispin 
et  al,  1959)  indicates  that  there  is  little  correlation  in  either  phase  or  amplitude,  at 
least  until  tne  oscillations  in  both  solutions  become  \er}  small.  Also  the  above - 
noted  results  of  Goodrich  and  Kazarinolf  on  resonance  phenomena  indicate  that  tliis 
may  occur  onl;>  at  extreii'c'N  large  values  ot  ka,  at  least  lor  thin  spheroids.  It  is 


.  1 
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thus  difficult  to  say  in  general  what  or  where  are  the  advantages  of  the  physical  optics 
result  over  that  of  geometrical  optics. 

For  more  general  angles  of  incidence  and  observation  the  integral  in  (3.  50) 
is  not  so  tractable  and  few  results  are  available.  Application  of  the  stationary  phase 
principle  yields  only  the  geomet'ic  optics  form  (3.49)  (see  Siegel  et  al,  1555).  For 
any  given  direction  of  incidence,  however,  there  is  one  observation  direction  in 
which  the  integral  can  be  eva’uated  exactly.  This  is  the  direction  for  which  the  nor¬ 
mal  to  the  plane  of  the  shadow  curve  bisects  the  angle  between  transmitter  and 
receiver,  this  occurs  when 

.n  n 

tan  =  — ^2 — 


where  /3  is  tlie  angular  separation  betv/een  transmitter  and  receiver,  3^^  is  the 
angle  between  the  axis  ut  symmetry  of  the  spheroid  and  the  plane  of  the  shadow 
curve,  and 


cos^  +  b^  sin^ 


(R  \ 

Letting  M  =  kp  cosl  ^  j  >  one  obtains  the  cross  section  in  the  form 


2.4  r 


a  = 


IT  a  b 


sii  2  M  ,/sin 


M 


M 


(3.56) 


Here  again  it  is  difficult  to  judge  the  accuracy  of  this  lorm  in  general  on  the  basis 
of  any  available  information. 
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There  are  two  principal  sources  of  error  in  the  general  physical  optics 
procedure,  oue  being  the  approximate  evaluation  of  the  integrals  and  the  other  the 
discrepancy  between  the  assumed  values  of  the  field  on  the  body  and  the  true  values. 
The  former  is  essentially  a  computational  problem,  with  which  we  will  r.ot  concern 
ourselves  at  present.  Rather  we  will  consider  certain  modifications  or  refinements 
of  the  assumptions  on  the  surface  fields  and  the  resulting  corrections  to  the  geomet- 

I 

i 

ric  or  physical  optics  scattering  coefficients.  One  such  refinement  is  due  to  Jones 
(1957).  In  this  article  only  the  total  scattering  coefficient  (total  energj  flux  in  the 
scattered  wave  divided  by  the  energy  flux  in  the  incident  v\ave  striking  the  obstacle) 
is  considered,  and  it  is  observed  that  in  this  regard,  and  in  the  optics  region,  the 
different  regions  of  the  surface  contribute  independently.  The  main  'A^akness  of  the 
physical  optics  assumption  on  the  surface  current  is  in  tJie  region  of  the  penumbra, 
i.e.  the  neighborhood  of  the  shadow  curve,  where  it  is  assumed  to  be  discontiiiiious, 

1 

in  violation  of  the  actual  boundary  condition.  Jones  accordmgly  assumes  a  different  j 
distribution  in  the  penumbra  region  and  determines  its  effect  on  the  total  scattering  j 

j 

coefficient.  For  a  smooth  convex  body  the  field  in  the  penumbra  is  taken  to  be  locally 
that  of  a  cylinder  whose  generator  is  tangent  to  the  shadow  curve  and  whose  radius  of 
curvature  is  tliat  of  the  given  body  in  a  plane  normal  to  thio  tangent.  The  total  con¬ 
tribution  of  the  penumbra  region  to  the  scattering  coefficient  is  then  formed  by  in¬ 
tegrating  along  the  entire  shadow  curve. 
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Consider  first  the  scalar  problem  and  assume  a  plane  incident  wave  wijh 

unit  energy  pf^r  un’t  area  normal  to  its  propagation  direction.  Then  tlie  total  scatter-| 

ing  coefficient  arising  from  the  illuminated  region  proper  has  the  value  2,  and  if  a  ■ 

r  ^ 

cylinder  of  radius  R  is  oriented  so  that  its  axis  makes  an  angle  ~  with  the 
incident  direction,  it  can  be  shos\n  by  means  of  the  exact  solution  that  the  energy 
scattered  per  unit  lengtn  by  the  penumbra  region  is 


where  b^  is  a  coefficient  which  incorporates  the  effect  uf  the  boundary  condition, 
and  whose  values  for  the  usual  cases  are  given  in  the  tabk  of  results  hereafter. 
Apphing  thij  local  analysis  to  a  three-dimensional  (convex)  body,  with  the  stipulation 
that  the  quantity,  kR  cos  2  must  always  be  large,  it  follows  that  if  D  is  the  shadow 
curve,  with  differential  arc  length  ds,  and  the  projected  area  of  the  body  on 
a  plane  normal  to  the  incident  direction,  then  the  total  scattering  coefficient  is  given 

bv  the  formula 

• 


R 


1/3  1/ 

cos 


B  ds 


o 


(3.57) 


which,  for  a  prolate  spheroid  w  ith  nose -on  incidence,  reduces  immediately  to 
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For  broadside  incidence  the  integral  is  slightly  more  comphcakd,  due  to  the 
variation  of  and  yiela^  a  hypergeometric  function,  so  that 


,  o  p  /li  1  .  .  ^ 


(3. 59) 


The  treatment  of  the  electromag^netic  problem  fora  conducting  bod}  is 
somewhat  more  complicated.  The  contribution  of  the  penumbra  region  of  a  cylinder 
must  first  be  ascertained,  making  use  of  the  proposition  that  if  the  incident  plane 
wave  is  independent  of  the  axial  coordinate,  then  the  total  field  can  be  dec  amposed 
into  two  parts,  for  one  of  svhich  the  electric  vector  is  parallel  to  the  axis  and  satis¬ 
fies  a  Dirichlet  boundary  condition,  and  for  the  other  the  magnetic  vector  is  in  this 
direction  and  satisfies  a  Neumann  condition.  These  components  can  accordingly  be 
derived  from  the  solutions  of  the  standard  scalar  problems,  as  indicated  in  Kleinman 
and  Senior  (1963).  In  the  present  case  if  we  write  the  scattering  coefficient  for  the 

j 

j 

scalar  D'richlet  problem  with  incident  direction  normal  to  the  cylinoer  axis  as 


o  ^  =  2  +  b  (kR) 

U  L) 


and  that  for  the  Neumann  problem  as 


^  2  4-b  (kR) 
N  N 


(i.  e.  let  b^  and  b  be  the  specific  values  of  the  coefficient  b  referred  to  above) 
D  N  o 

then  it  develops  ihat  the  contribution  of  the  penumbra  region  on  one  side  in  the 
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electromagnetic  case,  with  in.-ident  direction  making  an  angle  —  -  3  With  the  cylinder 
axis  and  electric  vector  an  angle  ,  is 


,/r  cos  3  ^  fT 


and  accordingly  the  total  electromagnetic  scattering  coefficient  for  a  three- 
dimensional  object,  with  the  angles  now  referred  to  the  tangent  to  the  shadow  curve 
in  place  of  the  cylinder  axis,  becomes 


C^d  ~^n) ^ 


,1/3 


For  any  solid  of  revolution  with  symmetric  incidence  and  radius  b  of 
the  shadow  boundary  this  reduces  at  once  to 


(3.61) 


which  IS  the  average  of  the  coefficients  for  the  two  scalar  problems,  and  for  the 
prolate  spheroid,  since  R  =  a^/b,  it  becomes 


(3.62) 


p 

The  two  coeificients  for  broadside  incidence  (i. e.  electric  vector  parallel  or  per¬ 
pendicular  to  axis  of  symmetrj)  are  expressible  in  terms  ot  h>pergeometric  func¬ 


tions,  as  in  the  scalar  case,  and  the  explicit  lorms  are  tabulated  later. 
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3. 1.2. 2  Modified  Geometrical  Theoir^’ 

The  simplicity  of  the  above  development  is  of  course  doe  in  a  large  part  to 
the  fact  that  it  is  concerned  only  with  the  total  scattering  coefficient.  The  problem  of 
refinmg  the  optical  techniques  to  give  significant  improvements  m  the  differential 
scattermg  or  radiation  pattern  results  is  considerably  more  complicated.  Perhaps 
the  most  notable  contributions  in  this  direction  are  the  theories  developed  by  Foek 
(1946)  (see  also  Goodrich,  1959)  and  Keller  (cf.  LevT  ^^ttd  Keller,  1959).  Both  of 
these  become  rather  involved  for  three-dimensional  problems  and  depend  more  on 
physical  arguments  than  on  mathematical  techniques.  Both  lead  directly  to  the  so- 
called  creeping  wave  theory,  which  is  also  supported  by  the  more  mathematical  de¬ 
rivation  based  on  asymptotic  expansions  and  the  Watson  transform  to  be  discussed 
later,  and  all  of  these,  at  least  in  regions  where  they  are  applicable,  produce 
essentially  identical  results,  certain  of  which  are  presented  in  the  appropriate  sec¬ 
tion  belov*.  It  is  beyond  tlie  scope  of  the  present  eff  ort  to  give  the  detailed  deriva¬ 
tions  of  these  results,  but  we  present  hete  a  brief  account  of  the  principal  arguments 
and  assumptions  on  which  they  are  based.  We  will  concern  uursel, es  primarily  vvith 
Keller's  formulation  since  this  ha.,  been  worked  out  more  explicitly  and  compre¬ 
hensively  than  the  others  and  thus  appears  to  have  a  wider  range  ol  applicability.  The 
theory  has  been  developed  in  general  terms  lor  both  vector  and  scalar  problt  ins  in¬ 
volving  smooth  convex  bodies  of  more  or  less  arbitrary  sha[)e  and  material  proper¬ 
ties,  arid  tlie  partiC  Uar  results  lor  the  scalar  spin  I’oid  prolik  ni  with  s;  inmi  ti  kal 
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e.\citaiion  and  either  Dirichlet  or  Neumar-n  boundarj  condition  have  been  given  by 
Levy  and  Keller  (1959),  who  also  give  the  nose -on  backscatiered  electric  field,  which 
in  the  optical  limit  is  easily  ol. tamable  in  terms  of  the  scalar  results.  In  addition, 
th('  case  of  a  dielectric  spheroid  has  bet-n  treated  with  similar  methods  by  Thomas 
(1962). 

'Die  principal  restriction  in  the  theory  in  question,  aside  from  the  require¬ 
ment  of  sufficiently  small  wavelength,  is  that  the  media  involved  should  be  individ- 
uallj  homogeneous  and  isotropic,  so  that  the  radiant  energj  travels  in  straight  lines 
normal  to  the  wave  front,  except  on  the  boundaries  of  the  media,  where  it  follows 
the  geodesics  in  accordance  with  Fermat’s  principle.  At  each  point  of  such  a  tra- 
jector\,  or  raj,  the  field  has  a  well  defined  (vector  or  scalar)  amplitude  and  phase, 
'rhe  latter  is  assumed  to  vary  continuously  and  uniformly  with  the  distance  along  the 
ra>  except  at  a  focal  point,  where  it  suffers  a  drop  of  7r/2.  The  amplitude  is  de¬ 
termined  by  the  source  of  the  ray  and  uy  the  energy  co  ervation  law  as  applied  to 
the  various  pnenumena  which  u  may  encounter.  For  a  vectoi  field,  the  direction  of 
the  amplitude  must  be  normal  to  the  ray,  and  it  is  assumed  to  remain  constant  ex¬ 
cept  at  a  boundary,  where  it  is  governed  by  the  usual  laws  of  reflection  and  trans¬ 
mission.  ‘\t  any  point  in  space,  the  total  field  is  the  sum  of  the  fields  on  all  rays 
passing  through  the  point.  These  can  be  classified  in  one  ol  four  categories  accord¬ 
ing  to  what  beialls  them  between  source  point  and  field  point:  incident,  it  no  inter¬ 
ruption  occurs;  reflected,  it  an  optieal  reflect. on  oceurs;  retraeted,  if  Uie  ra_y 
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passes  through  more  than  one  distinct  medians;  diffracted,  if  it  follows  a  boundary 
fov  a  finite  distance.  For  a  convex  scatterer  die  re  is  no  o\erlapping  of  these 
categories  unless  the  body  is  ptmetrable,  in  which  case  a  refracted  ray  ma>  also  be 
reflected  internally.  The  laws  governing  the  behavior  of  the  first  three  kmds  of  rays 
are  familiar  enough,  but  the  fourth  requires  further  comment.  A  diffracted  ray  is 
aroduced  wherever  an  incident  ray  is  tangent  to  a  boundary  surface.  From  sach  a 
point  the  ray  follows  a  geodesic,  at  each  point  of  which  it  splits  and  originates  a  new 
ray  which  leaves  the  surface  tangentially  at  that  point.  Thus  a  diffracted  ray  from 
the  source  to  a  given  field  point  consists  in  general  of  two  straight  line  segments 
tangent  to  the  obstacle  plus  a  geodesic  arc  connecting  the  points  of  tangency  and 
tangent  to  both  lines. 

The  number  of  rays  connecting  a  simple  source  with  a  given  field  point  is  in 
general  finite  and  for  simple  configurations  quite  small,  but  there  are  exceptional 
regions,  lines  or  surfaces,  called  caustics,  which  are  envelopes  or  accumulation  re¬ 
gions  of  families  of  rays  from  the  source  (they  ma>  alte  i  natively  be  defined  as  the 
loci  of  centers  of  curvature  of  the  wave  fronts).  Fur  field  points  in  the  neighborhood 
of  one  of  these,  the  sum  referred  to  above  apparentl>  becomes  infinite,  and  the 
theory  must  be  modified  in  a  manner  to  be  noteti  below.  The  diffracting  surface  is 
itself  a  caustic,  and  in  rotationally  symmetric  problems,  the  axis  of  symmelr>  is 
also  one.  For  reflecUni  rays  the  caustics  are  more  complicated. 


i  .  VI 
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On  the  basis  of  the  above,  expressions  are  derived  fairly  easily  for  the  field 
at  a  given  point  m  terms  of  that  at  some  preceding  point  on  a  ray  connecting  it  to  the 
source.  In  corsideration  of  the  fact  tliat  the  energy  flux  through  every  cross  section 
oi  a  tube  of  rays  is  constant,  it  develops  that  if  the  amplitude  and  phase  of  the  field 
at  a  point  P  are  A  ,  0  ,  then  the  field  at  the  point  P,  a  distance  s  further  along 

O  0  0 

the  ray  can  be  written 


u(P)  =  A 


(p^  +  sKp^+s) 


ik(0  +s) 
e  ^o 


(3.63) 


where  p,,  p.  are  the  principal  radii  of  curvature  of  the  wave  front  at  P  . 

12  0 

(As  noted  above,  if  P  and  P  lie  on  opposite  sides  of  a  caustic,  there  is  an  addi- 

0 

■  1 

tional  factor  of  c  ^.)  If  P  lies  on  a  reflected  ray,  the  point  of  reflection  is 

taken  as  the  reference  point  P^  and  it  is  assumed  that  the  field  there  is  proporiion- 

al  to  the  incident  field,  the  proportionality  factor  being  the  reflection  coefficient, 

which  is  determined  by  the  surface  characteristics  at  the  point.  (If  the  field  u  is 

a  vector  field,  then  A  is  a  vector  and  the  reflection  coefficient  is  a  matrix. )  At 

any  field  point  P,  then,  the  incident  and  reflected  fields  will  have  the  general  form 

(3.63),  and  the  sum  of  these  is  referred  to  as  the  geometric  field  u  . 

g 

The  determination  nf  the  diffracted  field  is  somewhat  more  difficult.  The 


reicreace  poml  lor  a  surface  ray  is  tlie  point  of  tangency  of  the  incident  ray  which 
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generates  it,  and  here  we  assume  that  tlie  field  is  proportional  to  the  incident  field, 
i.  e.  since  th.'  phase  varies  continuously  the  diffracted  amplitude  is  written 


AjP  )  =  D{P  )A.(P  )  (3.64) 

do  o  1  o 

svith  A.  the  mcident  amplitude  and  D  the  diffraction  coefficient,  which  is  yet  to  be 
determined.  Also,  in  accordance  with  the  above  assumptions,  at  each  point  on  a 
surface  ray,  energy  is  being  radiated  into  space  at  a  rate  which  is  assumed  pro¬ 
portional  to  the  square  of  the  amplitude  at  the  point  times  the  elementary  area,  .vith 
proportionality  factor  o  .  This  yields  a  differential  equation  in  the  amplitude  as  a 
function  of  distance  s  along  the  surface  ray,  v,hose  solution  is  found  immediately  to 
be 


A  (s  )  =  A  (0) 
d  1  d 


ex)) 


s 

1 

r  o{s)ds 


(3.65) 


L  o  j 

Here  da  ^  is  the  width  of  an  elementary  strip  containing  the  ray  at  the  mmal  point 
s  =  0  and  da  its  width  at  s^,  and  the  derivative  notation  signifies  the  limit  of  the 
ratio  as  the  quantities  approach  zero.  The  deca>  coefficient  ols)  must  also  be  de¬ 
termined  independently.  The  form  (3,65)  can  be  combined  .vith  (3,63)  and  (3.64) 
to  give  the  field  at  any  point  on  the  surface  ray  m  terms  of  that  at  a  point  Q  on  the 
incident  ray  (see  Fig.  2)  and  the  result  can  be  applied  to  the  point  where  a 
tangential  ray  through  the  field  point  P  leaves  t'^c  surface. 


1‘1 
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Pq 


A  difficulty  arises  in  applying 


(3.63)  to  find  the  field  at  P 


in  terms  of  that  of  P^,  since  the 
latter  is  on  a  caustic  and  one  of 


FIG.  2 


product 


1/2  . 


the  radii  of  curvature  of  the  wave 


frcn‘,  say  p^,  vanishes  there. 

This  necessitates  the  assumption 

that  the  amplitude  A  becomes 

o 

infinite  in  such  a  way  that  the 


is  proportional  to  the  amplitude  at  Pj^  computed  from  the  pre¬ 


vious  formulas.  The  reciprocity  principle  dictates  that  the  proportionality  factor  is 
the  same  function  ol  the  phxiical  parameters  as  the  diffraction  coefficient  D 
appearing  in  (3.64).  The  c</mplete  expression  for  the  field  at  P  in  terms  of  that 


at  P  is  finally  written 


ida(P  )  I  p  ^  ^ 

(P)=A  (P  )D(P  )D(P,)i h-TTH  *1  '1'  1  exp(  ik|  p  (P  )+  s,  s^  i 

d  10  o  1  ydo(P^)  ys.^(p^  +  s,^)  1  L  1  o  1  2_J 


ofs)  ds 


(3.66) 


A  further  modification  must  be  made  in  (3.66)  lor  surfaces  on  which  the  f  eld 


IS  reiiuireti  to  vtinish.  In  this  case,  since  Uie  surface  is  a  caustic,  there  must  (“xist 


1  I 
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a  sort  of  boundary  layei  in  the  neighborhood  of  the  surface,  in  which  the  field  is 
much  stronger  than  in  the  more  distant  regions,  and  which  will  in  general  consist  of 
a  number  of  different  modes,  each  with  its  own  amplitude  and  diffraction  and  decay 


coefficients,  so  that  the  product  D(P  )D(P, )  exp 

o  1 


5 


Q'(s)  ds 


will  be  replaced 


L  o  J 

by  a  sum  of  such  products,  and  the  amplitudes  appearing  will  be  those  at  some  point 
sligntly  separated  from  the  surface. 

Since  the  diffraction  and  decay  coefficients  depend  primarily  on  the  local 
geometry  of  the  surface,  their  essential  characteristics  should  be  determinable  from 
the  solutions  of  certain  canonical  problems,  and  the  values  so  obtained  should  hold 
for  a  reasonably  large  class  of  scatterers.  The  method  used  to  determine  these 
coefficients  in  the  canonical  cases  (the  circular  cylinder  and  the  sphere  are 
sufficiently  representative  for  most  purposes)  is  to  expand  the  exact  (wave  function) 
solutions  in  asymptotic  series  for  small  wavelength  and  compare  the  dominant  terms 
of  these  expansions  with  the  forms  obtained  by  means  of  the  above  theory,  a  process 
which  is  too  lengthy  to  be  treated  in  detail  here.  In  all  cases  examined  so  far  the 
essential  forms  of  these  terms  are  in  perfect  agreement,  and  it  is  a  simple  matter 
to  isolate  the  diffraction  and  liecay  coefficients.  For  bodies  other  than  the  cylinder 
and  sphere,  of  coarse,  the  problem  of  determining  the  exact  solution  and  its 
a&yr.iptotic  torm  is  by  no  means  simple,  and  the  latter  objective  foi  liio  prolate 
jspheroid  will  be  discussed  presently. 


ion 
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Before  we  proceed  to  this,  however,  there  are  several  considerations  in  the 
geometric  theory  which  require  further  comment.  As  remarked  above,  the  ex¬ 
pressions  derived  so  far  become  infinite,  in  general,  in  the  neighborhood  of  the 
diffracting  body.  The  modification  required  to  permit  their  use  there  can  be  inferrec 
from  the  behavior  of  the  exact  solutions  of  the  cylinder  and  sphere  problems.  In  ob¬ 
taining  the  asymptotic  forms  of  these  for  a  general  field  point,  the  Debye  expansion 
is  used  for  the  Hankel  functions  which  appear.  Fcr  a  point  on  or  near  the  surface, 
however,  the  arguments  of  these  functions  become  approximately  equal  to  the  index 
of  the  dominant  one,  and  the  Debye  exi^ansion  is  no  longer  suitable,  but  should  be 
replaced  by  the  Hankel  expansion,  which  is  valid  for  this  region  and  remains  finite. 
Since  the  diffraction  coefficients  to  be  used  in  the  geometrical  solutions  to  general 
problems  are  proportional  to  these  factors,  it  follows  that  to  make  these  solutions 
hold  in  the  region  of  the  surface,  they  should  be  multiplied  by  the  ratio  of  the  two 
expansions  specified.  The  corr^jction  factor  for  an  axial  caustic  can  be  handled  in  a 
similar,  but  simpler,  manner  by  writing  the  exact  expression  for  a  general  wave 
function  possess!  'g  an  axial  caustic  and  comparing  this  with  its  asymptotic  form, 
which  becomes  infinite  on  the  axis.  The  corrected  expression  for  the  surface  field 
of  the  hard  spheroid  is  given  along  with  the  general  field  expressions  in  the  section 
on  results. 

The  above  theory  can,  with  comparative  ease,  be  adapted  to  vector  problems. 
P’oi  iiic  geometric  field  (i. e.  incident  and  reflected  rays)  the  for«  s  are  identical  to 
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th.ose  for  the  scalar  case  except  that  the  amplitudes  are  nou  vectors  and  the  reflec¬ 
tion  coefficients  matrices*  For  surface  rays,  each  field  quantity  is  resolved  into 
components  parallel  to  the  normal  and  bmormal,  and  these  components  are  assumed 
to  propagate  independently  according  to  the  same  laws  which  govern  a  scalar  field, 
each  having  its  owti  diffraction  and  decay  coefficients.  Those  of  the  normal  com¬ 
ponent  (which  is  also  normal  to  the  surface)  are  uken  to  be  the  same  as  for  a 
scalar  field  which  satisfies  a  Neumann  boundary  condition,  and  those  of  the  binorrnal 
(which  IS  tangent  to  the  surface)  are  token  from  the  scalar  Dirichlet  case.  For  an 
axially  symmetric  problem,  i.  e.  backscattering  from,  a  solid  of  revolutton  with 
incident  direction  along  the  axis,  tiiis  yields  a  particularly  simple  expressi  -t  for  the 
scattered  (vector)  field  in  terms  of  the  two  scalar  solutions,  namely  (for  the  electric 
field) 


s  1  /  s  s 

£  ^  J  V^D  -  “n 


(3.  67) 


s  s 

where  u  and  u  are  the  scattered  scalar  fields  of  the  Diiichlet  and  Neumann 
D  N 

problems,  respectively.  (Compare  this  with  the  relation  (3.61)  for  the  total 


scattering  coefficients).  The  complete  rad.ation  pattern  for  the  vector  spheroid 
has,  to  the  best  of  our  know  h.  dge,  not  yet  been  worked  out. 


The  details  of  the  geomi  trical  theorv  as  it  ajiplies  to  homogeneous,  non- 
abs(<rpti\e  dielecTnc  bodas  are  diseussei:  t  length  in  the  report  ot  Thomas  (I'Jhli). 


Her*  tin  -situation  is  qujtc  d  ilenni,  m  th  it  the  ciitiraeted  ravs  are  no  longer 
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significant,  and  instead  there  are  refracted  and  internally  reflected  rays  to  be  con¬ 
sidered.  Since  the  reflecting  surfaces  are  no  longer  all  convex  the  possibility  of 
multiple  reflections  exists  and  the  geometry  of  the  wa\e  fronts  becomes  much  more 
compl.CHted.  For  certain  wave  fonts  one  radius  of  curvature  becom.es  infinite, 
with  result  that  expressions  of  the  forn.  (3.63)  are  no  longer  applicable,  and  the 
principles  of  physical  optics  and  stationary  phase  must  be  employed  instead.  A 
general  discussion  of  these  is  given  in  Silver  (1959).  The  number  and  variety  of 
rays  which  pass  through  any  given  exterior  point  depend  on  the  relative  permittivity 
uf  the  body  as  well  as  its  geometry,  and  a  general  discussion  of  the  pT-oblen*  will 
iiot  be  attempted  here.  The  backscattering  echo  area  of  a  particular  spheroid  of 
particular  permittivity  has  been  computed  by  Thomas  and  compared  with  experimen¬ 
tal  values?  One  important  characteristic  of  this  type  of  problem  is  that  there  is  no 
longer  a  well  defined  resonance  region,  since  there  arc  no  appreciable  surface 
waves,  whose  interference  effects  are  responsible  for  the  large-scale  oscillations  in 
the  return  from  conducting  bodies  when  the  wavelength  is  comparable  to  the  body 
dimension.  A»  a  result  the  optical  approach  discussed  here  gives  good  results  over 
a  frequency  range  extendmg  down  virtually  to  the  Rayleigh  region 

In  the  preceding  account  of  the  geometrical  theory'  for  conducting  or  rigid 
liodies,  little  emphasis  has  been  placed  on  restrictions  in  the  shape  of  the  sea  terer. 

A  more  careful  consideration  however  reveals  at  once  that  since  the  radii  of 
curvature  of  the  surface  are  intimately  u  /olved  in  the  de'’eluppi(‘nt  and  must  satisfy' 

.-\;i  attempt  t<.  check  the  numerical  results  has  n-U  succeeded  to  dati>  and  the  in- 
\est  ig  itioii  1'  "liU  i:  progress  The  curve  is  tht  leiore  omitted  h(  re  bu,  the  exper- 
in.e’i'ai  le-elt'  .in  given  on  p  3 
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certain  criteria  in  terms  of  the  \\aveiength,  any  restriction  placed  on  the  latter  im¬ 
plies  some  limitation  on  the  shape.  In  the  case  of  a  spheroid,  this  expresses  itself 
in  terms  of  the  eccentricity  or  axial  ratio.  Thus  in  the  Keller  solution  described 
abo\e  the  use  of  diffraction  and  decay  coefficients  obtained  from  the  sphere  problem, 
where  the  radius  must  be  large  compared  to  the  wavelength,  will  result  o.  significant 
error  unless  the  local  radii  of  curvature  of  the  spheroid  meet  the  same  requirement 
everywhere,  i.e.  unless  the  eccentricity  is  sufficiently  small.  This  is  borne  out  by 
the  analytical  results  to  be  considered  next.  In  contrast  to  the  situation  at  low  fre-  I 
quencies,  where  the  form  of  the  scatterer  is  of  minimal  importance,  nearly  all  of 
the  high-frequency  approximations  dextlopeti  here  actually  involve  a  comhtned  re¬ 
striction  on  frequency  and  eccentricity. 

Another  such  method  which  entails  a  lower  bound  on  the  radius  of  curvature 
at  each  point  on  the  surface  is  that  of  Fock  (1946).  We  limit  ourselves  here  to  a 
brief  description  of  this  theory,  since,  as  noted  above,  it  yields  results  which  are 
in  general  ei;uivalent  to  those  produced  by  the  geometrical  theory,  and  since  the 
particular  forms  for  the  spheroid  problem  iiave  apparently  not  been  worked  out. 
Furthermore  the  immediate  answers  provided  aie  limited  to  the  surface  current  or 
field  distribution  in  the  shadow  region,  from  which  it  is  no  trivial  task  to  obtain  the 
scattering  pattern  or  cross  section. 

The  basis  ol  Fock's  method  is  the  local  ap[>i'o\imat ion  ul  thi  suiTace  m  tlu 


region  ol  the  shaoow  boundary  i»v  a  p.iraboloid  (oi  in  ’  ai;  dimension,  a  parabolu 
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cylinder.)  If  the  incident  field  is  a  plane  harmonic  'Aave  and  the  surface  is  a  perfect 
conductor  (or  either  perfectly  hard  or  perfectly  soft  in  the  scalar  case)  then  the  so¬ 
lution  IS  charscterized  in  either  vector  or  scalar  problems  by  a  scalar  wave  function 
which  satisfies  a  Dirichlet  or  Neumann  boundary  condition.  Let  the  incident  wave 
propagate  in  the  2  direction  and  write  the  field  quantity  t  which  satisfies  this 
boundary  condition  and  the  scalar  wave  equation  as 

-ikz 

=  e  U  . 

Then  it  is  physically  reasonable  that  in  the  vicmity  of  the  shadow  curve  and  for 
small  enough  wavelength,  the  quantity  U  should  vary  much  more  rapidly  m  the 
direction  normal  to  the  surface  than  in  any  tangential  direction.  Application  of 
these  t\\o  approximations  leads  to  a  parabolic  equation  in  U,  whose  sclutions  are 
essentially  Airy  integrals,  and  the  field  is  finally  expressed  in  term  of  these  func¬ 
tions. 

AS  originally  formulated,  the  theory  is  essentially  two  dimensional  and 

I 

applies  only  in  the  immediate  vicmity  of  the  shadow  boundary  .  However,  it  has 

I 

been  modified  and  extended  (cf.  Goodrich,  1958)  to  apply  to  three -dimeusional  con¬ 
vex  bodies  and  to  cover  the  entire  shadow  region.  The  modifications  entail  a  factor 
which  accounts  for  the  increase  in  energy  density  of  the  surface  field  due  to  the  re¬ 
duction  m  area  as  the  rear  of  the  body  is  apjiroaclud,  i.e.  the  conveigi  nce  o(  the 
geodesic  paths,  and  a  continuous  compel  '.--en  ul  the  normal  and  tangential  l'"l(i  com- 


iionimts  o\(  r  the  siiadow  region. 


:  I  1 
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3. 1.2.3  Asymptotic  Theories 

The  remainder  of  this  section  deals  with  an  analytical  approach  which  in¬ 
volves  the  work  of  a  number  of  authors  and  which  leans  heavily  on  the  asymptotic 
theory  of  the  solutions  of  differential  equations  mvolving  a  parameter.  Ag..an  a 
complete  account  is  impossible  here,  but  we  will  give  a  general  outline  of  die  scheme 
as  a  whole  and  the  various  contributions  of  the  principal  investigators,  and  present 
the  available  results  for  the  spheroid  problem  in  their  proper  context  h(;reafter. 

The  general  approach  can  be  characterized  as  a  refinement  and  ex^tension  of  the 
Watson  transform  methods  whirh  were  developed  originally  in  connection  with  the 
sphere  problem  and  which  have  been  described  in  detail  in  the  first  report  of  this 
series.  The  basis  of  the  original  technique  was  the  observation  that  smre  the  terms 
in  the  Mie  series  are  entire  functions  of  the  summation  index  i  m  a  strip  about  the 
real  axis,  the  sum  can  be  rewritten  as  a  contour  integral  in  the  complex  i  -plane, 
whose  integrand  is  the  general  term  of  the  series  with  an  additional  factor  to  provide 
poles  at  the  proper  points  on  this  axis,  such  that  the  residues  are  the  terms  of  the 
original  series.  This  integrand  has  a  second  set  of  poles,  huwtver,  v\hi:,h  are  the 
zeroes  of  a  Hankel  function  appearing  in  the  denominator,  and  all  ul  vhich  lie  in  the 
first  quadrant  of  the  v  -plane.  When  the  path  of  integration  is  deformed  so  as  to  en¬ 
close  these  poles  instead  of  those  on  the  real  axis,  the  resulting  residue  series  is 
found  to  converge  much  more  rapidly  than  the  original  one  at  liigh  frequencies,  one 
modification  of  the  procedure  was  g  \en  by  Sommeneld  (1!»49),  -viio  obtaiiieoi  the 
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analogous  result  m  the  scalar  .sphere  problem  by  subjecting  each  radial  eigenfunction! 

I 

m  the  wave-function  senes  to  the  given  boundary  condition,  thus  determining  hhe 

complex  indices  directly.  A  similar  procedure  was  applied  to  the  .scalar  spheroid 

problem  by  Levy  and  Keller  (1959).  In  this  case  the  summation  indices  remain 

integers  but  the  eigenvalues  A  (c)  become  complex,  with  distinct  sets  obtaining 

mn 

in  the  soft  and  hard  cases.  In  both  spherical  and  spheroidal  geometries,  the 
representation  thus  derived  has  a  logarithmic  singularily  which  obLiins  everywhere 
on  one  half  of  the  polar  axis.  The  asymptotic  theory  referred  to  above  is  em¬ 
ployed  in  the  evaluation  of  the  terms  of  the  new  series  m  the  limit  of  small  wave¬ 
length.  The  first  term  of  this  asymptotic  series  is  precisely  the  solution  given  by 
the  geometric  theory  in  all  cases  for  which  the  two  have  been  compared,  and  it  is 
generally  conceded  that  this  will  always  be  true. 

The  Watson  transform  method  was  e.xploited  in  the  cylinder  and  sphere 
problems  by  Deppermann  and  Franz  (1952,  1954)  and  Franz  (1954).  In  these  articles 
it  was  shown  that  the  resulting  asymptotic  series  for  the  field  in  the  shaded  region 
of  the  surface  could  be  written  in  a  form  such  that  each  term  might  represent  the 
amplitude  of  a  creeping  wave  launched  at  the  shadow  boundary  and  tra\ersing  the 
surface.  The  senes  apparently  diverges  in  the  illuminated  rtgion,  but  this 
difliculty  IS  resolved  b'  splitting  olf  a  senes  whose  sum  ’’epresents  the  geometric 
optics  contribution,  leaving  a  convergent  series  which  is  again  interpn  table  in 

terms  ol  creeping  wa'i  s.  l-urtlu  rmore  it  was  loun«!  tiiat  tin  analvticiil  solutmns 
thus  (k*v  eloped  w  ei  <  m  g>  od  .igi  (  ,  nu  nt  v  itii  i  ta  m  e \pi  i  i nu  nla i  iat.a. 
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The  general  method  has  oeen  formalized  by  Kazarinoff  and  Ritt  (1959)  with 

the  aidofthe  complex  resolvent  theory  of  Sims (1957) and  Phillips (1 952) .  It  is  shown 

that  in  any  scalar  problem  in  which  the  scatterer  is  a  le^el  surface  in  a  coordinate 

system  in  which  the  wave  equation  separates,  the  field  distribution  on  the  surface 

can  be  represented  by  a  contour  integral,  which  can  then  be  evaluated  in  terms  of  its 

residues,  ai  least  in  the  shadow  region,  b\  means  of  Langer's  asymptotic  theory  of 

solutions  of  differential  equations  with  turning  points  (see  Langer,  1935).  If  tlie 

problem  is  axially  symmetric,  the  integrand  in\ohes  only  the  product  of  the  radial 

and  angular  resolvent  Green's  functions,  each  of  which  has  its  own  set  of  poles.  In 

the  usual  type  of  problem  these  two  sets  of  poles  are  separated  by  the  contour,  which 

can  in  general  be  closed  in  such  a  way  as  to  include  either  set,  at  least  for  a  certain 

range  of  tlie  angular  coordinate  of  the  observation  point.  Liclusion  of  the  poles  of 

the  angular  Green's  function  produces  the  Mie  series  (or  its  non-sphencal  analog), 

which  converges  very  slowly  at  high  frequencies.  On  the  other  hand  those  oi  the 

radial  Green's  function  yield  the  rapidly  convergent  serit  s  referred  to  above.  This 

is  the  series  derived  by  Kazarinoff  and  Ritt  lor  the  ease  ol  a  rigid,  not-too-thin 

prolate  spheroid  strue-k  by  a  plane  scalar  wave  in  the  axis  ol  symmetry.  I’nder  tin 

given  restriction  on  eecentricitv  ih  =  I  +  t,  t  ^  0),  the  asemototie  theorv  o! 

o 

Langer  is  ajipLeable  and  the  resniues  are  expressed  in  terms  ol  Airy  integrals  or 
relate  d  functions.  Tlu  results  are  valid  over  tlu  entire  shadow  re  gion  si  tlu'  sur¬ 
face',  'lad  .1  haiia’ole  n  ar  r.-ngenu  nt  ol  Uu  st.  rie  s  permits  an  interpretation  in  ti  i  nis 
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of  creeping  waves  and  a  comparison  with  the  lesuits  of  the  geometric  theory  of  Lex-y 
and  Keller.  The  first  two  terms  of  the  residu^^  series  are  in  agreement  with  this 
theory,  and  the  third  term  exhibits  a  dependence  on  the  radius  of  curvature  at  the 
tip  which  indicates  that  the  geometric  theory  is  not  accurate  if  this  quantity  is  too 
small.  The  details  of  the  analysis  are,  needless  to  say,  rather  involved,  and  only 
the  final  results  are  presented  in  the  present  w-ork. 

If  the  spheroid  is  long  and  thin,  i.  e.  ka  >>  1  and  kb^  /  a  «  1,  the  initial 
part  of  the  above  procedure  is  still  valid.  The  field  distribution  on  the  surface  can 
still  be  expressed  as  a  contour  integral  which  is  evaluated  in  terms  of  the  residues 
at  the  poles  of  the  radial  Green's  function.  The  previous  asjmptotic  developments, 
howexer,  are  no  longer  applicable,  and  an  alternative  theory  must  be  used  in  com¬ 
puting  the  residues.  The  solution  has  been  worked  out  for  symmetrical  point- 
source  CACitation  and  either  standard  boundarj  condition  b}  Goodrich  and  Kazarinoff 
(1963).  The  asymptotic  theory  employed  was  developed  b\  McKelvey  (1959)  and 
inxohes  Whittaker  (or  parabolic  cylinder)  functions  in  place  ol  the  Airy  function  of 
the  prex  ious  solution.  This  ullimatel>  yields  expressions  for  the  surface  distribu¬ 
tion  ol  the  field  or  its  normal  dertxatue  in  the  form  ol  double  senes,  with  distinct 
forms  applying  in  the  regions  ol  the  shadow  boundarx  and  the  shaded  tip  for  each 
boundarj  condition  (see  Sec.  A.  l.H).  K'lch  ti-rm  in  anx  oi  these  senes  can  be 
intcrpreU  d  as  a  v'.axc  whosi  [ihasc  is  associat(,(l  witli  a  certain  geodesic  path  length 

amplitude  dt  pends  in  a  somewnat  complu  ated  manner  t)n 


>n  th'  sui  taci  and  wiiost 
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the  shape  of  the  surface  and  the  number  of  times  the  wave  has  passed  through  a  tip. 
The  general  character  of  these  waves  lies  somewhere  between  that  of  the  eieeping 
wfaves  exhibited  by  the  fat  spheroid  or  sphere  and  tliat  of  the  traveling  waves  which 
are  associated  with  long  thin  bodies.  This  appears  reasonable  enough  since  with  the 
specified  eccentricity  and  wavelength  the  spheroid  is  indeed  a  long  thin  body,  i.  e. 
the  curvature  of  the  geodesic  paths  along  the  sides  is  relatively  small  and  the  tips 
are  correspondingly  sharp.  Accordingly  the  amplitude  decaj  rate  along  the  sides  is 
no  longer  an  exponential  but  instead  a  slowly  varying  function  of  t],  while  at  each  tip 
there  is  either  a  reflection  or  transmission  through  the  pole,  characterized  by  the 
usual  phase  shift  predicted  b;y  the  geometric  theory, and  a  sharp  drop  in  amplitude 
due  to  radiation.  The  specific  form  of  the  decay  rate  along  the.  sides  suggests  that 
the  waves  are  propagating  as  spherical  waves  uriginding  at  the  tips  rather  than  as 
cylindi'ical  surface  waves.  In  the  transition  region  between  the  neighborhoods  of 
the  shadow  b'~andary  and  the  tip,  tiie  formulas  become  more  complicated,  and  no 
complete  physical  interpretation  has  been  attempted. 

3.?  ECCENTRICITY-RESTRICTKD  APPROXIMATIONS 

We  turn  our  attention  next  to  certain  approximate  anal>tical  results  winch 
depend  fundamentally  on  assumptions  restricting  the  shape  of  the  scatterer,  i.e. 
the  eccentricity  of  the  spheroid.  We  ma\  di\  ide  these  solutiuns  into  two  rather 
distinct  classes.  In  the  fii -.t  the  (.  cccntricitx  restriction  is  applied  to  tlic  lorms 
obtained  via  the  t  xact  (wa\i'  iunction)  lormulation  and  tlu  resulting  simplitication 
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provides  considerable  insight  into  ph^/sical  phenomena  which  in  the  icral  i.as*.-  are 
both  inherently  more  complex  and  masked  by  {he  <"  yacit^’  of  the  representation.  In 
the  second,  the  restriction  on  the  shape  of  the  body  is  used  as  a  point  of  departure 
and  thus  characterizes  the  whole  solution  implicitly.  In  either  case  the  frequency 
may  not  be  completely  arbitrary,  since  any  of  the  basic  techniques  imposes  at  least 
some  practical  limitation,  but  in  each  of  these  solutions  the  permissible  r  \nge  of 
frequencies  is  much  wider  than  that  of  the  eccentricities, 

3.2.1  Large  Eccentricity 

The  primordial  example  of  a  solution  in  the  first  class  for  a  highly  eccentric 


spheroid  is  the  previously  cited  work  originated  by  Abraham  (1898)  and  extended  and 
refined  by  Page  and  Adams  (1938),  Ryder  (1942)  and  Page  (1944).  The  method  used 
has  been  described  earlier  (Section  2.2)  and  we  consider  here  only  certain 


qualitative  features  of  the  results.  In  addition  to  investigating  the  free  oscillations 
of  the  general  prolate  spheroid,  these  authors  consider  the  case  of  a  thin  conducting 
i  spheroid  struck  broadside  by  a  wave  with  electric  vector  parallel  to  the  major  axis. 
The  incident  field  is  assumed  to  be  either  instantaneously  unifoi  m  or  a  spheroidal 


function  of  the  angular  coordinate  with  arbitrary  index.  The  plane  wave  is  easily 
expressed  as  a  senes  of  these  functions,  acd  the  uniform  field  can  be  considered 
I  as  a  degenerate  form,  i.e.  function  of  index  zero. 

i 

For  the  limiting  case  o(  the  thin  rod  of  length  2F,  an  incident  wave  consisting 
of  the  nth  'harmonic'  alone  produces  a  wc  11  definid  resonance  at  a  freijuencj  such 
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that  c^kF=nT/  2,  for  which  the  induced  current  in  the  rod  is  sinusoidal  and  much 
larger  than  at  neighboring  frequencies.  There  are  n+1  nodes,  counting  those  at  the 
ends,  and  the  current  is  exactly  is  phase  witii  the  incident  field.  As  tne  eccentricity 
is  decreased,  i, e,  the  rod  is  transformed  into  an  increasingly  thick  spheroid,  the 
resonance  becomes  less  well  defined.  The  frequency  at  which  the  current  is 
maximum  decreases  as  the  thickness  is  increased,  and  the  current  ie^ds  the  field 
in  phase  by  an  increasing  amount.  The  current  at  resonance  is  stul  sinusoidal, 
but  the  rate  at  which  it  drops  off  as  the  frequency  departs  from  the  value  at 
resonance  becomes  lower.  For  a  spheroid  of  given  (large)  eccentricity  at  a  fre¬ 
quency  below  the  resonant  value,  the  current  still  has  a  sinusoidal  character  but  it 
leads  tne  field  in  phase  by  a  substantial  amount  and  the  loops  near  the  center  of  the 
body  are  larger  than  those  near  the  ends.  As  the  frequency  is  increased  above 
resonance,  the  nodes  move  :  ward  the  center  and  the  curi*ent  becomes  vanishingly 
small  in  an  ever-increasing  region  about  each  end,  and  the  current  lags  behind  the 
field  by  an  increasing  phase  angle. 

The  situation  is  of  course  much  more  complicated  when  the  incident  field 
consists  of  something  other  than  a  single  harmonic,  but  the  gcm.-rai  case  can  be 
lanalyzed  by  means  of  the  techniques  used  in  tliese  articles  and  ♦he  phenomenological 
elements  uescribed  should  assist  in  the  overall  unde ''standing  of  tl.e  problem.  Ex¬ 
pressions  for  the  scattered  fields  under  certain  i  xcitations  are  given  in  Sec.  4.  l.b. 
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/.nother  '.pproxirnate  result  which  is  useful  for  thin  spheroids  of  sufficient 
length  at  c  ircao  aspects  is  that  afforded  by  traveling  wave  theory.  The  derivation 
of  this  is  now  stan  iard  text -book  material  (e.  g„  Kraus,  1950)  and  since  it  is  not 
characterized  by  tlte  precise  fo-'m  of  the  bo^,  we  will  not  dweJJ  on  it  here.  The  re¬ 
sulting  formula  for  the  cross  section  as  a  function  of  aspect  is  given  by  Siegel  (1959) 
and  recorded  in  the  Table.  It  is  difficult  to  tell  exactly  how  the  accuracy  of  this  re¬ 
sult  deteriiirates  as  the  length  of  the  spheroid  (in  wavelengths)  or  its  eccentricity  is 
decreased,  but  the  data  given  by  Siegel  (Fig.  26)  show  good  agreement  with  experi¬ 
mental  lesults  in  the  region  where  the  contribution  is  largest,  which  is  in  general 
son.e  18-30°  off  nose,  for  a  spheroM  of  axis  ratio  10: 1  and  length  4/\,  and  it  is 
clear  from  the  nature  of  the  derivation  that  the  results  should  be  even  better  for 
longer  and  thinrter  bodies. 

’  2. 2  Small  Eccentricity 

At  the  ODposite  extr(!me  in  the  shape  parameter  range  for  the  prolate 
spheroid,  the  body  is  of  c  w.rse  very  like  a  sphere,  and  the  cbvious  Ime  of  approach 
to  tlie  determii  ation  of  its  s.-attering  properties  is  via  a  shape  perturbation  :  pplied 
to  the  classical  sphere  solution.  In  this  mamier  an  approximate  solution  should  be 
obtainable, witiiout  the  encumbrance  of  the  spheroidal  functions  or  even  their  natural 
coordiiiUces, which  is  restricted  in  frequency  only  in  the  sense  that  the  Mie  series  is, 
and  whose  accuracy  must  improve  as  tlie  eccentricity  become'*  smaller.  This  type 

i 

j 

•ol  analysis  has  beta  carried  out  by  Mushiak-  for  the  scattering  of  a  piane  j 
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electromagnetic  wave  Dy  a  conducting  spheroid  with  ar^  ’rary  directions  of  incidence 
and  polarization.  The  corresponding  forms  for  the  scalar  problem  of  ^  rigi  ^ 
spheroid  with  symmetrical  incidence  are  given  in  an  unj^ublished  Radiation  Labor¬ 
atory  Memo  by  SI  ator  and  Ullman  (1959).  The  scalar  solution  for  arbitrary  in¬ 
cidence  should  be  easily  derivable  from  the  vector  forms  given  by  Mushialie,  but 
the  explicit  oipressions  have  not  been  written  out. 

In  anj^  case  the  first  step  is  to  write  the  expaneions  of  the  incident  and 
scattered  fields  in  series  of  spherical  (vector  or  scalar)  wave  functions.  In  the  vec¬ 
tor  problem,  the  spherical  vector  wave  functions  of  Hansen  are  employed,  and  the 
scattered  field  expansion  has  the  same  general  form  as  in  the  sphere  problem, 
the  ugh  the  incident  field  ejqiansion,  since  the  direction  of  propagation  can  no  longer 
in  full  generalily  be  restricted  to  the  z-axis,  is  more  complicated.  We  can,  how¬ 
ever,  restrict  the  propagation  vector  to  the  xz-plane,  so  that  its  direction  is 

-iut 

specified  by  a  single  angle  o,  and  assuming  the  usual  time  dependence  e  ,  the 


expansions  of  the  inc  dent  and  scattered  electric  fields  for  the  two  fundamental 
polarizations  (E^  perpendicular  or  parallel  to  the  y  axis)  take  the  general  forms 
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Here  the  M  and  N  .ectors  are  the  standard  spherical  vector  wave  functions 
described  in  the  first  report  of  this  i’eries,  the  superscripts  1  and  2  pertaining  to 
the  incident  and  scattered  fields  respectively.  The  coefficients  and  which  de¬ 
fine  the  incident  fields  are  found  by  the  familiar  ^.  rocedure  of  expanding  the  vector 

functions  and  utilizing  the  orthcKonality  of  the  angular  functions  involved.  Deter  - 

s  s 

mination  of  the  scattered  field  coefficients  A  ,  B  is  somewhat  harder,  though  the 


scheme  is  fairly  straightforward.  The  general  surface  of  revol‘*k.ion  symmetric 
about  the  z-axis  can  be  specified  in  spherical  coordinates  by  giving  the  radius  r  as 


a  function  of  6 ,  and  for  a  general  spheroid  the  relation  can  be  written 


r=f(0)==  sin^  ^ 


(3.70) 


where,  for  convenience,  we  have  defined  the  quantity 


V  ^  (b^  -a^)/b^ 


(3.71) 


with  a  and  b  as  defined  earlier,  (It  should  be  noted  that  for  i/  <0  the  spheroid  is 


[  prolate,  and  for  v  >  0  it  is  oblate.)  The  expression  (3.70)  must  now  be  inserted 


I  in  ihe  two  equations  which  obtain  on  the  conducting  surface  and  which  in  tnis  case 


hc'’9  the  form 


E  .  =  0  •-  E  +  -  ~  E  on  r  =  f(e ), 
P  i9  r  do  r 


(3.72) 


i  s 

E  ,  E  ,  E  .  being  the  components  ol  the  total  electric  fijld  E=E  +E  ,  for  either 
r  (1  P  _  _  _  ^ 

pt  lari^atioh,  which  are  obtuned  bj  usmg  the  explicit  forms  of  the  vector  wave 
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functions  in  (3.68)  and  (3.  69).  Neeuless  to  say,  with  the  radial  variable  dependent 
on  av  jular  one,  the  orthogonality  relations  which  simplify  the  solution  in  the 
sphere  problem  are  destroyed  utterly,  and  it  is  no  longer  possible  to  obtain  an  ex¬ 
plicit  expression  for  each  coefficient  of  the  scattered  field  in  terms  of  the  corre¬ 
sponding  pair  in  the  incident  field  expansion.  The  equations  become  manageable  onlj 
if  all  the  radial  functions  are  replaced  by  approximate  expressions  correct  to  the 
first  order  in  »  ,  viz. 

r=i.a(l  +  “sin^  0  ),  j  (kr)^i  (ka)+7  ka  j  '(ka)sin^0,  etc. 

2  n  n  2  n 

and  the  validity  of  tlie  subsequent  forms  is  thus  limited  to  cases  where  j  «  1, 
which  is  the  characteristic  feature  of  the  perturbation  technique.  The  desired  s'  - 
lutions  are  finally  obtained  via  a  process  of  multiplying  the  boundary  equations  by 
suitable  angular  functions,  integrating  over  the  interval  0<  6  <7r,  and  combining 


s  _s 


the  results  in  such  a  way  as  to  yield  expressions  for  each  A  ,  B  containing  several 


1  1 


pairs  of  the  A  ,  B  .  T?ie  scattered  fields  are  tlien  given  by  (3.68)  and  (3.69)  in  tlie 


form  of  rather  complicated  double  summations.  The  sphere  solution  can  of  course 
be  split  off  and  the  first  ordev  correction  term  due  to  the  shape  perturbation  isolated 
Fortunately  there  is  a  considerable  simplification  in  the  results  for  the  special  direc¬ 
tions  of  incidence  and  observation.  The  essential  results  are  tabulated  hereafter, 
and  certain  curves  computed  for  particular  cases  art  also  reproduced  (see  Figs.  31, 


22.  34)  A  complete  discussion  of  the  accuracy  and  applicability  range  has  not  l)een 
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given,  but  a  comparison  with  experimental  data  (Fig.  34)  shows  reasonably  good 
agreement  for  a  sphero'd  of  axis  ratio  b/a  =  .8  over  a  wide  angular  range. 

The  scalar  problem  is  handled  by  means  of  the  same  general  technique, 
though  the  analysis  is  of  course  considerably  simpler,  especially  as  carried  out  in 
the  aforementioned  memo  under  tie  restriction  of  symmetrical  incidence.  Here  the 
incident  field  is  simply 

0  ^=e'^^  ^  =  V(-i)^{2n+l)j  (kr)P  (cos  6)  (3.73) 

■^—1  n  n 

n 
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It  would  presumably  be  possible  in  both  the  vector  and  scalar  cases  to  in¬ 
crease  the  accuracy  of  the  solution,  or  extend  the  range  of  applicability  with  given 
accuracy,  by  retaining  all  terms  in  throughout  the  derivations.  For  the  case  of 
general  incidence  however,  and  particularly  in  the  vector  problem,  the  amount  of 
labor  involved  would  be  formidable,  and  even  in  the  simpler  cases  it  would  not  be 
small. 

3. 3  APPROXEVLXTIONS  FOR  WEAK  SCATTERERS 

There  remains  to  be  considered  one  class  of  approximate  solutions  whose  de¬ 
rivations  are  based  on  assumptions  restricting  the  properties  of  the  media  involved. 
Technically  speaking,  of  course,  the  case  of  a  perfect  conductor  m  a  non-conducting 
medium  might  fall  into  this  class  at  least  as  a  limiting  form,  bu.t  this  case  is  at 
once  so  distinctive  and  so  important  as  to  warrant  the  separate  treatment  given  it. 
The  problem  we  now  deal  with  lies  at  the  other  extreme  in  the  material  parameter 
range,  i.e,  where  the  propagation  constant  in  the  interior  of  the  scatterer  differs 
very  little  from  that  in  the  surroimding  medium,  and  the  phase  shift  suffered  by  the 
incident  wave  is  thus  relatively  small.  Under  these  conditions  tlit  scatterer  is 
termed  weak  and  can  be  treated  essentially  as  a  perturbation  of  the  medium. 

The  natUi'al  representation  of  the  scattered  field  in  this  type  of  problem  is  an 
integral  over  the  volume  of  the  scatterer  which  is  obtainable  via  Green's  theorem 
and  whose  integrand  involves  the  Green's  function  and  the  internal  field.  This  ex¬ 
pression  itself  is  rigorous  but  since  the  exact  form  of  the  internal  field  is  not 
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known  in  general,  some  approximation  must  be  introduced,  and  this  accordingly 
characterizes  the  result.  In  the  most  elementary  application  of  the  method,  the 
internal  field  is  taken  to  be  exactly  what  the  incident  field  wouJ,d  be  in  the  absence  of 
the  scatterer.  This  yields  what  is  known  as  the  Rayleigh-Gans-Born  approximation, 
v.’hich  is  of  rather  limited  utility  in  the  type  of  problem  of  interest  here  and  which 
we  will  not  consider  further.  Instead  we  will  deal  with  several  refinements  which 
give  considerably  improved  results  over  a  wider  range  of  the  parameters, 

3.3.1.  Scalar  Case 

The  first  of  these  was  developed  by  Montroll  and  Hart  (1951)  and  applied  to 
the  scalar  problem  of  a  homogeneous  spheroid  of  material  properties  not  too  differ¬ 
ent  from  the  surrounding  medium,  struck  by  a  plane  wave  at  an  arbitrary  angle  of 
incidence.  The  integral  oqjression  for  the  scattered  field  is  obtained  by  consider- 
'ing  the  entire  space  as  a  medium  of  variable  propagation  function  k(r_).  The  scalar 
wave  equation  is  thus 

[y^  +  k^  (r)]  ^  =  0 

i  s 

where  fp  is  the  total  field,  equal  to  the  sum  0+0  of  incident  and  scattered  fields, 
and  if  the  spheroid  occupies  the  volume  V,  the  function  k(£)  is  specified  as 

k(r)  =  k  at  all  points  outside  V 
~  o 

=  at  all  points  inside  V, 

The  boundary  conditions  to  be  satisfied  are 


a)  continuity  of  0  and  its  first  derivative  at  the  boundary  of  the  spheroid, 
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b)  boundedness  of  these  quantities  at  infinity. 

Assuming  unit  amplitude,  the  incident  wave  can  be  writtciv 

i  ik  ^  •  r 
tp  =  e  o  o  — 

where  r  is  the  unit  vector  in  the  incident  direction.  The  wave  equation  can  be 
o 

written 

r V ^  +  k'  =  ^k^  -  k^ ( r ) )  1/ 

L  oj  o  - 

s 

and  if  we  consider  this  as  an  inhomogeneous  eq  .ation  in  the  unknown  function  w  ,  the 
solution  can  be  expressed  in  integral  form,  using  the  free  spac'::  Green's  function 
(2, 19),  as 


=  -t  ^ 


ik  ir-r’ 
^  * 

ir  -  r’i 


(r')(V  (r')d\ 


where  the  integration  covers  the  entire  space.  The  bracketed  quantity  in  the 
integrand,  however,  vanishes  at  ail  points  exterior  to  the  spheroid,  so  tiiat  tlie  ex 
pression  can  actually  be  written 


v®(r)  = 


(k2  -kq  \ 

— T~  1  n - r  v(r')dv'. 


or  at  large  distanct  r  from  the  scattercr, 


A  r): 


(k^  -k2 

)  ( 

^  J.  c 

r 

®  ! 

1  . 

-ik  ^ •  r'  , 

o  ~  c  (r  ')  dv'. 


(3  76) 
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There  remains  the  problem  of  ascertaining  or  appro:  imating  the  field  -f  {  t_)  interior 
to  the  scatterer.  Here  Montroll  and  Hart  mal^e  the  assumption  that  for  a  long  thin 
spheroid  the  interior  field  should  be  approximately  equal  to  that  in  an  infinite 
cylinder  of  diameter  equal  to  the  minor  axis  of  the  spheroid  <ii.d  material  properties 
the  same.  The  internal  field  of  the  cylinder  can  be  determined  rigorously  under  the 
assumption  of  continuity  of  the  normal  particle  velocity  at  the  surface,  which  L.- 
volves  the  ratio  of  the  densities  of  ..le  two  media  as  another  essentially  independent 
parameter.  The  solution  has  the  form  of  an  infinite  series  of  cylindrical  functions, 
however,  and  in  view  of  the  error  already  introduced  by  the  assumption  of  the 
cylindrical  field  for  the  spheroid  problem,  the  use  of  the  exact  expression  is  hare” 
warranted.  Instead  it  is  observed  that  if  the  coefficients  in  the  cylinder  result  are 
altered  in  a  manner  which,  in  the  case  where  the  interior  and  exterior  densities  and 
propagation  constants  are  nearly  equal,  changes  their  values  very  little,  the  series 
can  be  summed,  and  when  the  resulting  e:qionentials  are  substituted  in  the  integrand 
of  (3.  76)  the  integrations  can  be  carried  out  in  closed  form. 

The  approximate  expression  thus  obtained  for  the  far-zone  field  scattered  by 
a  thin,  tenuous  spheroid  (See  See,  4.1.12  p.  170)  is  not  asymptotic  to  the  exact  so¬ 
lution  in  any  one  parameter  alone,  since  there  are  tliree  essentially  independent 
approximations  involved.  As  the  density  and  propagation  constant  of  the  spheroid's 
interior  approach  those  of  the  surrounding  medium,  tlie  approximate  solution  is 
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asymptotic  to  the  exact,  at  least  in  the  sense  that  for  both  the  scattered  field 
approaches  zero.  The  accuracy  of  the  approximation  should  improve,  in  some  range 
at  least,  as  either  of  the  ratios  approaches  unity,  or  as  the  axial  ratio  a/b  of  the 
spheroid  becomes  larger,  but  the  details  of  these  variations  are  not  given.  It  should 
be  noted  that  the  frequency  is  not  ejqplicitly  Involved  in  any  of  the  approximating 
assumptions,  except  as  it  appears  in  the  definition  of  the  propagation  constant.  The 
validity  of  the  result  should  thus  be  relatively  insensitive  to  the  frequency,  though 
some  variation  is  almost  certainly  present. 

Another  anproximate  scalar  result  for  weak  scatterers  has  been  given  by 
Greenberg  (i860).  This  is  based  on  the  Born  >eries  solution  for  the  Schrddinger 
equation  under  the  conditions  that  the  range  ol  the  potential,  i.e.  dimension  of  the 
scatterer,  is  large  compared  to  the  wavelength  and  the  energy  of  the  potential  is 
small  compared  to  that  of  the  inciacnt  field.  If,  in  addition,  the  scattering  angle  is 
small,  then  the  Born  series  is  easily  summed  and  the  scattered  amplitude  is  given 
in  terms  of  a  triple  integral  involving  the  potential  (see  Sehiff,  1856).  For  a  square 
well  complex  potential  of  spheroidal  form  the  integrations  nave  been  carried  out  b} 
Greenberg  to  yield  an  expression  for  the  total  scattering  cross  section,  vlnch  is 
proportional  to  the  imaginary  part  of  the  forward  scattering  amplitude.  The  result 
is  listed  in  Sec.  4.1.12. 
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2.  Vector  Case 

Certain  vector  problen^s  analogous  to  the  scalar  cnes  considered  above  are 
also  capable  of  formulation  in  tei  ms  of  an  integral  equation.  If  the  two  media  are 
assumed  to  have  the  same  permeabilitj’  and  the  dielect  ic  constanis  are  e  and  c 


for  the  interior  and  exterior  respectively,  and  if  a  plane  wave  with  propagation 

vector  k  ^  and  constant  amplitude  vector  (perpendicular  to  ^  )  strikes  the 
o  o  o 


spheroid,  the  integr.-i)  equation  for  the  total  electric  field  E(  r)  can  be  written 


-lut. 


(suppressing  the  usual  time  dependence  e  ) 


ik  p 
o 


{e-^o) 

“  V 


ik  r.r  . 
E(  r’}  dv’  +  e  ^  °  e\ 


(3.77) 


where  p  =  |  r  -  £’j  and  the  integration  in  the  variable  r'  covers  the  interior  of  the 
spheroid  as  before.  The  essential  problem  is  again  the  choice  or  determination 
of  an  approximation  to  the  .nternal  field  E(£').  Two  independent  attacks  on  this 
problem  exis*  in  the  literature  and  will  be  outlined  here.  The  first  was  carried  out 
by  Shatilov  (1960).  His  oas.o  assumption  is  that  the  amplitude  of  the  internal  field 
IS  just  that  which  v\ould  be  produced  by  a  uniform  external  field,  while  the  phase  is 
that  the  incident  field.  The  explicit  form  ol  the  amplitude  is  obtained  from  (3.77) 
by  taking  the  field  p(unt  £  inside  V  and  letting  k^  =  U,  i.c.  taking  only  the  first 
term  in  the  expansions  of  the  exponential.,.  The  amplitude  is  tlius 
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(€-t  ) 


E.  =  E  +  ^ 
~io  ~  4;r  e 


^  V 


i  1 

I"  1 

E  ' 

-  dv' 

J 

V 

'  P 

and  the  entire  internal  field  is 


E.  =  E.  e 
“1  “10 


ik  •  r 
o  o  “ 


(3.  79) 


This  assumption  5delds  in  effect  a  refinement  of  the  Rayleigh -Cans- Born  approx- 
mation  in  the  domain  of  the  material  parameters,  but  it  introduces  at  the  same  time 
a  serious  restriction  on  the  frecuency,  so  that  the  applicability'  of  the  results  is 
necessarily  limited  to  the  Rayleigh  region.  For  the  scattered  field  in  the  far  zone, 
the  formula  (3.77)  yields,  after  some  manipulation,  the  expression 

(€-e  )  [ 

r\  rv  I 


^S,  ,  o  o 

E  (  r  )  =  — — — 
—  “  471  e 


ikoP 

p  A  (p  A  E.)  - - 

“1  P 


dv’ 


(3.80) 


with  (r  -  £')/  p.  By  virtue  of  (3.  7P1  and  the  iar-field  condition  this  can  be 


further  simplified  to  the  form 

kMe-e  ) 


•1  A 
ik  r  •  r 


E  ir )  =  - 


0  0“ 

- 2_  E  2 - 

471  e  —10  r 
o  “ 


ik  (^-r  )•  r’ 
e  dv ' 


(3.81) 


V 


(note  that  in  this  approximation  the  propagation  constani  k  inside  tiie  spheroid  is 

the  same  as  k  outside. )  The  integral  can  be  evaluated  explicitly  for  the 
o 

spheroidal  scatterer  with  arbitrary  directions  of  incidence  and  observation. 
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If  the  geometry  of  the  setup  is  as  shown  in  Fig.  3,  where  the  incident  and  observa¬ 
tion  directions  are  separated  by  an  arbitrary  angle  and  the  symmetry  axis  of  the 
spheroid  makes  an  angle  o  with  the  bisector  of  the  complement  of  0,  the  plane  of  the 
angle  cr  being  unrestricted,  the  field  can  be  written  finally 


where  V  is  the  volume  of  the  spheroid  ==  a/  »  a^-b^ 

'  o 


and 


i(q)  ^3  q  (sin  q  -  q  cos  q) 

2k  a  _ _ 

q=  '  Y'"'  -  sir.2  a  ’  sin  j3/  2. 

o 


(Compare  this  expression  f..r  the  scattered  field  with  the  form  given  by  Siegel  (1959), 
p.  72  of  this  rejxirf,  baser’  un  the  dqxde  approximation.) 
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The  second  attack  on  the  weak-tcattering  prchlem  is  that  of  Ikeda  (1963), 

again  based  on  the  integral  formulation  (3.  77),  but  employing  an  expansion  technique 

which  yields  a  more  general  result.  Instead  of  the  a  priori  assumption  of  the 

interior  field  used  by  Shatilov,  Ikeda  assumes  an  expansion  of  tlie  electric  field  at 

the  general  point  r  in  powers  of  the  (small)  quantity  (e  -e)/  e,  i.e.  a  power 
""  o 

series  in  terms  of  e  about  the  value  which  is  written 

r- 

co  n 


a  =  0 


Also  the  exterior  propagation  constant  k 
k  as 


e  -e 
o 


A 

y 


E  (r)  . 
“n  ~ 


(3.83) 


is  written  in  terms  of  the  interior  value 
o 


k  =  k(€  /e)^^‘ 
o  o 

arm  when  these  expressions  ar'^  substituted  in  (3.  77)  and  the  coefficients  of  like 

powers  of  the  argument  are  equated,  there  results  a  set  oi  equations  which  express 

each  vector  explicitly  in  terms  of  the  preceding  ones  and  the  incident  field 

vector  e\  and  the  ejqransion  (3. 83)  can  thus,  in  p  h.ciple  ac  least,  be  carried  out  to 

any  degree  desired.  Since  this  expression  is  valid  everywhere,  it  can  be  used  for 

the  exterior  field  E.  in  (3.  80),  and  the  scattered  field  is  thus  given  explicitlv  as  a 

power  series  in  c  . 

o 

This  technique  is  used  by  Ikeda  to  determine  the  cross-polarization  tdements 
of  the  scattering  matrix  to  the  first-order  approximation.  The  remaining  elements 
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ai  e  deter  iniaed  to  the  zero-order  approximation.  The  latter  result,  in  which  the 
cross-polarization  elements  of  the  matrix  vanish,  is  comparable  to  the  Rayleigh- 
Gans-Bom  approximation,  offering  a  slight  advantage  in  that  here  the  true  interior 
propagation  constant  k  appea  ^  in  the  internal  field  expression  instead  of  the  ex¬ 
terior  value  k  .  It  should  be  noted  that  there  is  no  absolute  or  implicit  restriction 
o 

on  either  eccentricity  or  frequency  involved  in  this  method,  though  from  the  nature 
of  the  forms  involved,  some  of  which  are  tabulated  in  the  next  section,  it  is  to  be 
expected  that  results  of  a  given  accuracy  will  be  more  easily  obtained  at  lower  fre¬ 
quencies  . 
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RESULTS 

The  foregoing  discussion  of  the  analytical  solutions  of  the  spheroid  problem 
has  been  kept  reasonably  free  cf  detailed  and  specific  formulas,  on  the  theory  that 
the  number  and  complexity  of  the  pertinent  forms  would,  if  included,  tend  more  to 
obscure  than  to  elucidate  the  reasoning  involved.  In  the  first  part  of  the  following 
are  tabulated  the  principal  end  results  of  the  various  analyses,  together  with  refer¬ 
ences  to  the  sources  and  pertinent  sections  of  the  preceding  text  and  any  available  in- 
i 

formation  on  accuracy,  range  of  validity,  etc.  The  second  part  is  a  compilation  of 

I 

quantitative  data  including  the  majority  of  the  curves  or  t.oints,  both  theoretical  and 
experimental,  obtained  and  published  by  tlie  principal  investigators  of  the  problem  to 
date. 

1 

!4. 1  TABULATION  OF  FORMULAS 

[ 

1.  Exact  Scalar  Solutions  (see  Sec.  2,2, 1,  pp  25-31,  also  Spence  and 
Granger,  1961). 

The  specialized  forms  of  the  fundamental  scalar  solutions  for  source  point  in 
the  axis  of  symmetry  are  as  follows; 

Eq.  (2,23)  becomes 


00 

G(r,  r  )  S  (c,l)S  (c,  >})R^^^c,?  1 

~1  2ir  ^ — r'  N  on  on  on  > 


n  =  0  on 


R^^\c.§  )-C  R^^\c,?  ) 
_  on  <  on  on 
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liq.  (2,24)  becomes 


XX 

G  (?,r5ir)  =2y^,  S  (c,  1)  S  (c,  b)  (c,  ?)  -  C  R^^^  (0,5^1. 
CD  N  on  on  L  on  on  on  _1 


n  =  0  on 


If  these  are  further  specialized  bv  putting  the  observation  point  in  the  far  zone,  they 
become  respectively 


.  ikr 
le 


G(  r  r  )  ^ 

^-*-r  2rr 


00  ^ 

(c,l)S  (c,cos  e)rR^^\c,f  J-C  R^^^c,?.)] 
N  on  on  L  on  1  on  on  IJ 


n  =  0  on 


00  .n 


2  V  ^  i  I  n+i 

andG  (r,  0;ir)— 7—  y  - — S  (c,  1)S  (c,  cos0)j  cos(kr--:r~ir)-C  e 
00  kr  N  on  on  2  on 


i(kr-  ~  ir) 


and  in  this  case  eq,  (2,25)  becomes 


iRr^;^  /  ..n 

G  (r, 0;  ?  ,1)=:^^ — /  S  (c,l)S  (c,cose)R  tc,C  ). 

o  1  xr  /-V  N  on  on  on  1 

n  =  0  on 


In  these  formulas  the  quantity  C  is  as  given  in  (2,23),  i.  e. 

on 

aR*^*(o,5  ) 

_ _ on  o  8n  on  0 

on  (3)  .  u.Rr^-o^^\  e  \ 

OR  (c  ^  H-P^R  (c,  C  ) 
on  0  9n  on  o 

with  o,  ^  as  in  (2.22). 

In  the  case  o  =  0,  i3  =  l  (scattering  of  sound  by  a  hard  spheroid)  a  number  of  calcula¬ 
tions  of  scattered  far  field  have  bcf'n  carried  out  by  Spence  and  Granger  (1951) 
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for  plane  wave  incidence  (G^).  Their  results  appear  in  Figs.  4-8.  In  addition 
some  nose-on  back  scattering  cross  sections  have  been  computed  by  Siegel  et  al(1956) 
and  Crispin  et  al  (1963),  Their  results  appear  in  Fig.  9. 

2.  Axial  Dipole  Solution  (see  Sec.  2.2.2,  p.  32,  also  Hatcher  and  Leitner, 

1954). 


The  asymptotic  form  of  eq.  (2,41),  which  gives  the  far  zone  radiation  pattern 
with  the  dipole  at  the  tip  of  the  spheroid  is 


rr  (-1)  S  (c,  COS0) 


14  —  X  •  - - 


O 


where,  as  in  (2.41),  p  is  the  dipole  strength  and  p,  is  the  normalizing  factor  of  the 

in 

radial  functions,  as  defined  in  (2. 14).  Radiation  patterns  for  a  dipole  on  a  spheroid 
have  been  calculated  by  Hatcher  and  Leitner  (1954).  Their  results  appear  in 
Figures  10-12.  Belkina  (1957)  has  also  calculated  some  radiation  patterns  of  an 
axially  symmetric  dipole  located  on  the  surface  of  a  spheroid.  Her  results  are  pre¬ 
sented  in  Figure  42. 

3.  General  Vector  Solution  (See  Sec.  2.3,  p.  42,  also  Siegel  et  al,  1956). 
The  scattered  electric  field  in  the  far  zone  produced  by  a  conducting  spheroid| 
struck  b>  a  plane  wave  propagating  parallel  to  the  maior  axis  is  given  by  eq.  (2.55) 


Note  that  the  scattering  patterns  as  originally  published  omitted  the  units,  i.  e, 
the  ordinates  plotted  are  actually  values  of  the  quantity  f(6,  p)/  a, 

.  ,  s  ,,s  ,  r.  ,  , 

where  f(6,  0) “  •  li'  ,w  scattered  field)  and  a  =  semi-major  axis. 

y  — 3^  00 
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as  a  function  of  the  angular  coordinates  n,  0  of  the  observation  point.  From  this 
the  radar  cross  section  is  easily  found  to  be 


o{rip)=  (sin^  0 


n  =  0 


S  (c,r))  + 

n  on 


+  cos' 


0  i^fA^Ho  (c,  n)-i  A^ /ry?  S,  (c,  nl 
^  n  on  n  In  J 

n  =  0 


and  for  backscattering  this  reducss  to 


>  n  ,x  „  . 

a  =  . /  1  A  S  fc,  1) 

2  ^ J  n  on 
E  n  =  0 


The  results  cf  a  numerical  computation  of  electromagnetic  backscattering  cross 
section  (Siegel  et  al,  1956)  are  presented  in  Figure  24,  Section  4.3.  'i'He 

X  z 

coefficients  A  ,  A  are  found  as  indicated  in  the  text  by  solving  the  linear  equa- 
n  n 

tions  (2. 52),  (2. 53),  If  there  are  truncated  after  the  fourth  term,  as  in  the  compu¬ 
tations  of  Siegel  et  al  (1956),  the  solutions  may  be  written  in  deter minantal  form  as 
follows: 

The  A  have  the  forms 
n 


.X  a  E 


o 

o 

0 

*^01 

^03 

®22 

^22 

“21 

^23 

^12 

*11 

W 

13 

^^30'^S2 

^^32 

*31 

W 

33 
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o 

o 

0 

“01 

S3 

0 

S2 

Si 

Sa 

''lO 

S2 

'^11 

Sa 

O 

CO 

> 

S2 

^^31 

'"33 

Si 

0 

°10 

S2 

0 

Sa 

^30 

S2 

''oi 

^03 

^00 

Si 

Sa 

^0 

'^22 

the  elements  B  ,  C  , - W  in  the  above  are  defined  in  eqs,  (2. 54).  The 

rn  rn  rn 

integrals  which  appear  there  can  be  expressed  directly  in  terms  of  the  spheroidal 

coefficients  (cf.  Sec,  2. 1 , 2)as  follows  using  the  Kronecke.r  delta,  6  ,  and  the  parity 

rn 

modulus,  fi  ,  which  are  defined  respectively  as 


6 

rn 


|0  for  rj^ 
V.1  for.  r=m 


I'O  for  r+n  odd 
(1  for  r+n  even. 
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1 

00 

S  S  dT]  =  2o 
on  or 

* 

-1 


^rk  2k+l 


J 


S  S  dn  =  -2  ft 
In  or  r(it+l) 


-1 


CO 


Ek-H  in  or 

,  ^nk2k+3^ 

LK  =  d 


A 

I 


00 _  CO 

\  *  'N”*  ,or  in 

^  ^rk^ni'^c 
k  =  0  j=k+i  “J  3  _ 


00 


«  ^  j  o  — •  (k-H)  ,  ,on  , or  .  ,on  ,or . 

^®on^or ''^^r(n+l)X]<2k+l)(2k+3)  \+l  \  ^ 

-1  k  =  0 


,on 


r  ds  00  k{k+l)d"“  r  1 

J  dr?  ®or^^"^  ^r(rH-l)  (2k-l)(2k-fl)(2kf3) 

-1  k  =  0 


Jm 

J  il-r^  dn  =  2fi^^  ^  (2ki-i)(2k+3) 


In  ,or  In  ,or 


-1 


k  =  0 


HO 
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{3k2 


OK- 


i) 


(2k  4-3) 


CO 


00 


in  or 


J  /  .  /  .  nj  nk  j  ^ 
j=U 


k  =  0 


Accuracy  of  the  4-tcrm  result  oepcDds  inversely  on  ka  and  in  a  more  com¬ 
plicated  but  not  so  critical  manner  on  5  .  Ai  2  value  C  =  1. 005  (a/ b  =  10)  the  re- 

o  o 

suit  is  correct  to  t-.vo  significant  figures  out  to  ka~S. 

4.  Rayleigh  Series 

a.  Scalar  Case  (See  Sec.  3,1.1,  61,  aioC  Senior,  1960a). 

The  coefficients  u  (n)  and  v  (rj)  in  the  series  (3.2)  and  (3.3)  for  the 
n  II 

far-field  amplitude  of  a  soft  or  hard  spheroid  struck  by  a  plane  scalar  wave  in  the 

axis  of  symmetry  are  given  for  n  =  0 - 5  in  the  following  table.  Except  where 

otherwise  spjecified,  the  argument  of  all  Legendre  functions  appearing  is  C^*  Primes 
denote  derivatives  with  respect  to  the  argument. 


*  nin 

Note  that  d^  -=0  for  k  <  0. 
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TABLE  I  (Cont. ) 


The  backscattering  cross  section  of  a  hard  spheroid  of  axis  ratio  10: 1  com¬ 
puted  from  this  series  is  plotted  as  a  function  of  ka  in  Fig.  14.  The  dependence  of 
the  accuracy  on  the  axis  ratio  has  not  been  thoroughly  analyzed. 

b.  Vector  Case  (See  Sec.  3.1.1,  p.  64,  also  Justice,  1956) 

The  incident  and  scattered  fields  about  the  spheroid  are  assumed  to 
be  representable  as  power  series  of  tlje  forms  shown  in  (3. 15),  In  the  solution  for 
the  conducting  spheroid  in  terms  of  vector  mode  functions,  the  incident  field  is 
assumed  to  propagate  parallel  to  the  z-axis  with  electric  vector  in  the  y  direction. 
The  first  three  coefficients  in  the  incident  field  expansions  are  then  (in  rectangular 
coordinates) 
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E  =  i  ,  e;  =  2i  , 

0  X  -1  X 


H  =  i  , 
-o  y 


.1 


^  • 

-2  2  X 


H‘  =  2i  ,  kJ,  =  —  1 


1  y 

and  those  of  the  scattered  electric  field  are 


2  y 


E®  = 
~o 


i  “"p 

11 


,(2) 


1  15 

P 


R'"'  -2  Y 
o. ,  ~e 


(2) 


ooj 


1  1' 
p.-_2--e75^1-e^3  54^1' 


^(2)  .3^(2)  _  3  (2) 

"o, „  ~e  2  ~e, , 
-  12  01  11_ 


,(2, 

75  12  1  U'  5  „1  11  1  -e 

^1  S  S  '’l  S  5^1  “ 


-1-  ^  „(2)  v'2>  /— 


3Q  {2f  -  1)  -  6C 
0  0  o 


1  ^1' 
F  Q. 

i.  i 


75  35  ,1  ^1. 


p’^ 

7 


5  1 


Q, 


7 


Here,  as  in  (a)  above,  the  'irgument  of  all  Legendre  functions  is  and  the  primes 
indicate  differentiation.  T1  e  previously  undefined  vector  functions  appearing 
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are  given  by  the  expressions 


— o  o  ~e  e 

mn  mn  mn  mn 


"mn  y 

mn 


-2r^  +6^ 

"^1  " 


v'^^=A  ^(2)  .(2) 

-e  10  -  X  V  0 

00  X  e  e 

00  00 


where  the  functions  0  are  spheroidal  harmonics  of  the  forms  given  in  (3.22), 

mn 


written  specifically 


n  n  sm 

^  mn 
o 


Corresponding  coefficients  for  the  scattered  magnetic  field  are  ejqiressible  in 
similar  fashion.  For  explici',  forms,  see  Justice  (1956).  (Note  however  an  incon- 
sistency  in  definitions  of  the  coefficients  E.  H  appearing  there,  viz.  the 

*“1,  d  ““1,  4 

series  are  written  in  one  place  in  powers  of  (ik;  and  in  another  in  powers  of  (ike), 
c  being  the  semi-focal  length. ) 

The  coefficients  in  the  near-field  series  obtained  via  the  potential  function 


method  are  also  given  in  the  above  reference.  These  arr  extremely  complicated 


145 


THE  UNIVERSITY  OF  MICHIGAN 

3648-6 -T 


and  voluminous,  however,  and  we  list  instead  the  results  for  the  far  field,  which  art 

easily  obtained  from  Stevenson's  formulas  for  the  general  ellipsoid  by  specializing  to 

the  case  of  a  prolate  spheroid  (cf.  Stevenson  1953,  a,b  ). 

Assume  a  spheroid  of  major  axis  2a,  minor  axis  2b,  dielectric  constant  and 

permeability  e  and  p ,  respectively,  immersed  in  a  vaccum  with  major  axis  in  the 

“iu)t 

z  axis  and  struck  by  a  plane  wave  with  harmonic  time  dependence  e  ,  wavelength 
A,  and  propagation,  electric,  and  magnetic  vectors  specified  respectively  by  the 
three  sets  of  direction  cosines i*,  m,  n;  At  m  ,  n  ;  A,  m  ,  n.,.  Without  loss  of 

1  112  2  4 

generality  we  can  set  m  =  0.  Then  the  (spherical  polar)  components  of  the  scattered 
far  fields  are  given  by  the  expressions 


8P  1  ap\ e^ 
9  6  sin  0  9  R 


= 


9P 


0  \ sin  0  9  0 


ikR 

e 

~r"“ 


4 

where,  to  order  k  , 

P=k2  (K^  o'  t-K^  /S.+  K^  7)  +  k^|l..^a+L2iS+L2  7  + 

+  +  Mg ^7+ 70'+N2o/3 

"^^^1  ^■^K2i3  +  Kg7)(a‘  +52  72)! 

and  P  is  obtained  from  this  by  making  the  substitutions 
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a"’  []«-■' >^2^)+ 

-b^)-(a2n2-b2r^  i-eb^  XmA 

1  45Q  D ^bb^  1  “ " \b  ^ (2by - a2 nn ^ )J 


2*"  45Qtl^“^^^^ab'^A‘^^bb*^l^'  4  2  2  (a^nni  +  b“ii^)J 

ab  (2a  +b  ) 

3^  «^0'"‘’<'ab'''<’r^  ‘bb™!’  ■"  -rS  ;2-  (2a^nnj-b2/4)] 


ab  (2a  +b  ) 


ab  (2a  +b  ) 


15  N^— j(ai  -l'f^(^i)(a^-b^)j^^+  nm^g^(e)r^(a2+b2)  -  a^J 

C'<)g^(c)/^[cAi(^^)+ (ja -l)k^(e)^ 


i_ 

'2  "3 


15  N„— -~(^i  -  l)f^(Ai)(a2  -b2)m^  +  gj  0  J  (a2+b’Kn/,t/n,  )-a2n/, -b^n, 


2  °2'  'L2 
2  _u2 


'1 


+  f2a^)g2(e)m2[iM^)  -(/.-Dye^ 


15  N2^g2(^)/rn^(e-l)b2 


'  Noie  that  in  Stevenson's  article  the  expression  for  specialized  to  the  case  ot  a 
perfectly  conducting  ellipsoid  (Stevenson,  1953b,  Sec.  6(3),  p.  1148)  contains  a  nu¬ 
merical  error  consisting  of  the  omission  of  a  factor  of  2  in  the  denominator  of  the 
second  term,  Tne  same  error  is  carried  over  in  the  corres{X)nding  expression  in 
Sec.  6(5),  p.  1150. 
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where 


w'ith  w  =  fji  ,  e ,  and 


f^(u,)  -  fjM  =[(u.-l)  ^ 

tgU  =[(1.-1)  J-] 

gjM  =  =[fc-l)(a2+b2) 


ggfo)  = 


(w-J )  •  2b2  I  ^  f 


bb  ab 


-1 


kj(e)  =  -kj,k)  Ml-f)(b*  n-f  (a^  U. 


Also 


i  .  a+  if -  b^ 
I=“~  log  - p— — 

(a^-h^  a-  la^  -  b^ 


1-^ 
_  a 


o-^  T 
^  k2  ■■  ^ 


a 


2(a2-b2)’  b  2(a2  -b^) 


^  2a^  -r  4b^  -  3ab^  I 
ab  2ab^(a^  -  b^ 


I 


4a'’-  10  ab^  +  3b  I 


bb  Q  1  2  u’^\^ 

8  b  (a  -  b  ) 


and  finally 


Q~(e-i)^  I  (2  I  +  I  )  - 


4e(e-l).  ,  +  2b^  j.  4  e 


ab  bb  ab  ab"^ 


b2(2a2+b2T‘^^"  2  6  2^  2 

a  b  (2  a  +b  ) 
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Sab  {a2  -b^) 


i  {  4 

— - 


ISa^b^  -16b  +  15  ab* 


,  - t; — ^ - Z  4  a'^-r26ab -3b^{4a^  +  b^)  ll . 

3b  (a'^-b'^) 

The  convergence  prcperties  of  the  power  series  representation  for  the  scalar 

i 

case  are  discussed  at  length  by  Senior  (1961)  (see  Fig.  15),  but  the  conclusions 
reached  there  do  not  necessarily  hold  for  vector  problems.  Results  computed  from 
the  first  term  of  the  power  series  for  various  polarizations  and  incident  directions 
have  been  obtained  at  the  Radiation  Laboratory  (Sleator,  1959)  and  appear  in  Figure 
16  ,  Some  idea  of  the  accuracy  of  the  two-term  approximation  in  certain  particu¬ 
lar  cases  can  be  obtained  from  Figure  17, 

The  expansion  of  the  scattered  electric  field  of  a  conducting  spheroid,  with 
plane  wave  incident  nose-on,  considered  by  Senior  for  the  low  frequency  region  is 

given  in  eq.  (3.37),  The  coefficient'-  A  ,  B  which  express  the  field  in  terms  of 

n  x\ 

the  vt-tor  wave  functions  M  N  are  expanded  in  powers  of  c=kF  in  the 

o  e, 

In.  In 


norms 


A  = 
n 


n  r  =  0 


B  =  -1  -7- 
n  b 


n  r  =  0 
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n,  Exoressions  for  the  3 


n  even 


0 


n  odd 


0 


0 


9|x  a  6\njQ^ 


0 


+{ 


\!i 

"n  {2n+3)n2  ^n+ljQ* 


2i  ^  (2nHKn-h2)_ 


0 


If  3 ,  ,  r  3 . 

225  L  n  2  l,n  6  S^nJQ^ 

^_lL+3  81  (2n-H)(n+2) 

36  I  n  2  l,n  TT  (2n+ 3)rr 

[  31  8n^  -H4n+  9  ,  ^  27 

"  2(2n-l)2{2n+3r  n  100<^1, 


21^  (2n^  l)(n  +  2)  I  J. 
ir  (2n  +  3)n"  n+lyQ^ 


^  (d  -r6, 


5  2  "l,n  J  (Q^)^ 


Here  6  is  the  Kronecker  delta  and 


m,  n 


D 


_  .,n  ^  (2n+l)  ^  ^  2  ^  2 

n{n+l)  (n+l)l 


n 


_  1 


•  1 
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5.  Variational  Forms  (See  Sec.  3.  i.i  p.  35,  also  Sleator,  19f»0) 


The  variational  coefficients  C  ,  B  defined  in  eqs.  (3. 47),  (3. 48)  are 

iiv  V 


wrillen  more  espKcitiy  as  foilos-s:  For  ji  <  i/  p+i/  even, 

X 


uv  o  o  I  .-4  2  3/  z 

^  ^  (5  -cos  ^) 

0  o 


sin  ^^'d^ 


where 


(?j  I  cosc/P  _(cosc/)-C^P  (cos  h^^\p)-f  {?“ -cos  ti/)P  {cos^)n  (p) 

'  p  o  p  L  p-1  op  _J  p  o  p  p-«-l 


I  r*  2  —  2  ^ 

I A  (?  ,k,  ^)—  —  cos^P  Acosip)-^  P  (cos^)j  j  (p)+(C-cos‘'^)P  (cos^)j  , ,  (p) 
I  V  o  p  L  v-1  o  V  3  V  o  1/  v+i 


kF 

and  p— - ^ - 77:;  ,  being  the  coordinate  of  the  scattering  surface. 


-COS^lp) 


1/2 


For  V  <  p,  the  subscrif:f  ->  '^nP  and  A  should  be  interchanged,  and  forp^  v  odd 


the  integral  vanishes.  Further, 


dj  (ka) 

B  =4xF^€^-i>i  k— — -p 
V  o  d(ka) 


The  stationary  value  of  the  variational  quantity  J  defined  in  eq.  (3. 43)  can  be 


written 


J  =  4x1  A  B  ] 
o  p  p/ 

'  p 


-1 


where  the  quantitier  A  are  the  solution  of  the  linear  svstem  (3.46).  These  have 

P 


been  computed  for  a  particular  spheroid  ia/b  =  10)  at  a  particular  frequency 
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The  resulting  potential  distritution  over  the  surface  of  the  hard  spheroid  struck  by  a 
plane  wave  nose-on  is  plotted  in  Figs.  1  -  18.  The  normalized  backscattermg  cross 

a^  I  i  -2 

section  0=4  —  J  computed  for  this  case  has  a  value  1.105,  as  compared  to 

I 

! 

I 

the  value  1, 091  given  by  the  ordinary  wave -function  series,  (see  Fig.  9). 

6.  Geometric  and  Physical  Optics  (See  Sec.  3. 1.2. 1  p.  89) 

The  geometric  optics  cross  section  of  a  spheroid  with  transmitter  on  the 
axis  of  symmetry  and  receiver  separated  from  this  axis  by  an  angle  <  tt  is 
given  in  eq.  (3.49)  and  plotted  in  Fig.  19.  By  tlie  theorem  quoted  in  this  con'.ext, 
the  monostatic  cross  section  is  thus  also  given  for  values  of  the  polar  angle  0  =  /3/2. 

The  physical  optics  integral  is  given  in  (3.53)  but  cannot  be  evaluated  exactly 
except  in  certain  special  cases.  Some  numerical  evaluations  of  cross  section  have 


154 


THE  UNIVERSITY  OF  MICHIGAN 

3648-6-T 


been  carried  out  {Siegel  et  al,  1955a)  and  are  shown  in  Fig.  19.  The  bistaiic  cross 
section  at  thode  angles  where  exact  evaluation  of  the  physical  optics  integral  is 
possible  (see  p.  95)  i.^  given  in  Fig.  20. 

The  total  scalar  scattering  coefficient  (cf.  Jones.  1957)  of  a  prolate  spheroid 
with  plane  wave  incident  nose -on,  as  obtained  via  the  physical  optics  approximations, 
is  given  in  eq.  (3. 58)  as 


2/3 

o-^2-^2  b^(j^)  ,kb2/a»l. 

The  values  of  the  coefficient  b  are: 

o 

Hard  soheroid  (Neumann  boundary  condition):  b^  =  -  .  8640 

N 

Soft  spheroid  (Dirichlet  boundary  condition):  b^^  =  ,9962. 

For  broadside  incidence,  the  total  scattering  coefficient  can  be  written 


a^2  +  2b  (kb)"^/^-  C 
o 

where  b^^  's  as  given  above  and  the  correction  factor  C  depends  on  the  axis 
ratio  as  illustrated  by  the  following  table  of  values: 


b/a  - 

i.c 

.8 

.6 

.4 

.2 

C  = 

1 

.874 

.761 

.673 

.608 

For  the  electromagnetic  problem  with  nose-on  incidence,  the  total  cross 


section  is  given  by  eq.  (3.62),  viz. 


a  o;  2  +  (b  +  b  )  { — 
T  D  N  kb^ 


2/3 
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with  b_  and  b  .  as  above.  For  broadside  incidence  there  are  two  distinct  results, 

D  N 

on^  for  parallel  polarization  (E^|  j  a)  and  the  other  for  perpendicular  (E^J_  a).  These 
can  be  written 


oil  I  ^2+(b.+b  •  q 


I)  N 


Hi 


where  the  correction  factors  j  *  ^  given  for  various  axis  ratios  as  follows: 


b/a  = 

1.0 

.9 

.8 

.6 

.4 

.2 

C„  = 

1 

2.1 

3.09 

5. 08 

6. 68 

8.11 

11 

1 

-0.21 

-1.41 

-3.66 

-5,47 

-6.93 

7. 

Mollified  Geometrical 

Theory. 

(See  Sec.  3.1.2. 

2  p. 

KiU,  also  L 

Keller,  1959). 

The  scalar  diffracted  field  at  the  point  P(^ ,  rj)  produced  by  a  soft  prolate 
spheroid  with  point  sour  ce  on  the  axis  of  symmetry  at  the  point  Q{?^,  1)  is  given 
by  the  expression 


uiP)=  - 
d 


^  e  (W-l) 

01  o 


l—  1  o  i 


CO 


f  (*7„)-i  f  (rL) 
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Here  cl  are  coordinates  of  the  points  of  tangency  P2,  of  rays  through 

P,  (See  Fig.  4  >.  The  function  f  is  defined  as 

n 


f  (n  )= 
n  3 


?2  -r,2 

o  1 


(5n-€  n.)^+  (/(?  /TirrixIT^)) 

o  j  \  -  o  3/ 


exp<  ikF 


-?2) 


((?r7 - r,S-  +  (j(f-l)a-r?  - Dd  - ^7' 


n.  r) 

afJSlT  r  d,  1  ] 

j  V  /  j  . -3- 

ri^  -n^Kl -n^lJ  j 


^  .0^ 


.'V 

Q.<2;  o 


FIG.  4 


where  j  =2, 3  and  the 
ambiguous  signs  are 
Q{^1*  0  foiio^vs; 


-  if  j  =  2  or  5  r/-t  ?  >  0  { 

o  I 


+  if  3  =  3  and  g  <7+  <  0. 


(1)^  -1/3  i7c/3  (1)  ,  (U.  .  th  ^ 

Also  — b  e  where  ci^  is  the  n  zero  of  the  Airy  function 


A(t)  =  y  cos(z^-tz)  dz, i. e,  A(ay*'^)=’0  fur  all  n,  and  in  the  e:cpression  above  for 
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u  ,{P),  is  ihe  derivative  of  this  function  evaluated  at  The 

d  n  n 

corresponding  result  for  the  hard  spheroid  is  obtained  from  the  above  by  replacing 


,  where  r 


i-/3  (2) 

(2)  "  % 


(2)  (2) 

and  q^  is  defined  by  the  relation  A'(q^  ;  =  0  for  all  n. 

On  the  surface  of  the  spheroid,  which  is  a  caustic  of  the  diffracted  rays, 
these  e:q)ressions  must  be  modified  (see  p.  107  ).  The  corrected  expression  lor  the 
field  on  the  surface  of  the  hard  spheroid,  specialized  for  plane  wa'e  incidence,  is 


u  (P  )  =  p 
do  I  / 


^  exp  G  (0,  T))-i  expfG  (n,  -1)+G  (-1,0)! 
\  _ n _  I—  n _ n _ -i 

1  io\  : .  ~ 


^  (l  +  exp  2G^(-l,  l))q|^^^ 


where 


G  {a,  ^)=-i'<F  \  -j - j  dn+7  ^1“~-r ) 

n  Ji  l-n  n  V  kr  / 


At  a  poiiit  oil  the  axjs  at  large  distance  z  from  the  scatterer  in  the  direc¬ 
tion  of  the  soui’ce  (i.  e.  backscattering  direction)  the  leading  term  cf  the  series  for 


the  geometrical  (reflected)  field  is 


ik(z  -2a) 


u  =  + 
S  " 


where  a  and  b  are,  as  usual,  the  major  and  minor  serni-axes  and  the  positive 
si£,n  holds  fcr  the  hard  spheroid,  negative  sign  for  the  soft.  The  leading  term  of 
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the  total  backscattered  field  u  =  Ug+u^  is  finally 


ik(z-2a}. 


2  ] 
“  } 


q'," 6^^ '■(?!- 1)  •  I 


3.„,  _^)2/3  i 
o 


where  the  signs  are  as  before,  the  quantity  c  is  defined  as 


'  1  for  the  hard  spheroid 


/  <2)  2  (2). 
5  “l  ^  ‘“l  > 


3 

V.  u. 


A'(qf>) 


for  the  soft. 


and 


r  =  +  4ka  -  2T|^\kF)^/^  ^,^2.  1)2/3  \ 


r' 


M. 


-?kF  \  —  dn 


Jo  ]j  l-rf 


with  j  "1(2)  for  the  soft  (hard)  case,  and  r^^^as  defined  above.  Numerical  values  ofi 


the  constants  are  given  by  Levy  and  Keller  as 


=  3,372134 


qj^^  =  1.469354 


A  =  -  1.  059053  A(q^^^^  =  1.  16680 


Accuracy  of  this  approximati  n  has  not  been  determined  in  general,  it  has 
been  shown  (cf.  Kazarinoff  and  Ritt.i959)  that  it  is  applicable  onl>  when  tlie  wave¬ 
length  is  small  relative  to  the  radius  of  curvature  at  the  tip  of  the  spheroid. 
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8.  Asymptotic  Solutions  (see  Sec.  3, 1.2.3,  p.  112) 
a.  Fat  spheroid  (cf,  Kazarinoff  and  Ritt,1959  a) 

The  scalar  field  in  the  shadow  region  on  the  surface  cf  a  hard  spheroid  struc 


by  a  plane  wave  nose -on  is  given  by  the  series 

ii/p  nl  =  ^ 


u(?  ,  n)  =  ^  R 
o  r  r 


where  R  = 
r 


Hare 


iv^  d{ri)  +  i  iv^  dHt))  -  i 

e _ jlie _  the  vicinity  of  the  shadow 


11^  L 

1  -i-  e 


boundary 


,  iii.L/4 


in  the  vicinity  of  the  tip. 


A  = 
r 


I'  i|h^H^^^\h^)|Tl -J72)(1 j]2jJ  V*-^! 


1/2 

tfd(r))-^l  J  [v  (d*(r,)-^~l 


d(ii)  =  b  [s(-i7) '  S(0)] 
d<t{rl)  =  -b[s(-i7)+  S(q)] 
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L  =  -4b  S{0)  =  circumference  of  generating  ellipse 


7  =  complex  propagation  const,  =  C  "is 


i  — 

e  ^(7  +  c2) 


-i-A^-iV  /3h\3  e  '^(7  +  c2) 

e  _c  +e  2  (  — _  )  1  —  ]  1+  _ — 

0  10(2C  A^(C2-1) 


o _ /2y  /_r^ 

,,2/3  '3/  W/  7 


h  =rth  zero  of  “  (t) 

r  at 

-  3  - 


2b  =  minor  axis  and  e  =  eccentricity  = 


5o  ■ 


In  the  limit  of  zero  eccentricity,  the  result  for  the  field  near  the  tip  is 


ff-  i  [sin'Vb)-|] 

r  1  r  L  f  r  \ 


These  results  have  significant  accuracy  only  on  condition  that 

?  b^/a  >>  1,  (cf,  Kazarinoff  and  Ritt,1959  b), 

b,  Thm  spheroid  (cf.  Goodrich  and  Kazarinoff,  1963) 

.  .  _  .  b^  .  .  . 


For  a  thin  spheroid  \kR  =k — 

o  a 


1)  at  high  frequencies  (ka  >>  1)  with 


point  source  on  the  axis  of  symmetry  at  the  point  (i  ,  1)  the  surface  fields  in  the 

I  1 
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THE  UNIVERSITY  OF  MICHIGAN 

3648-6 -T 


shadow  region  are  given  approximately  by  the  following  expressions: 
Near  the  tip,  where  |  c(l  +  n)  j « 1: 


For  the  Dirichlet  problem 


+1)9  r  n  a. 

.n  ^  e  1  a  coslc(l  +  n)J 

^  ^  -1)1 
n-0rn  =  0  L_  i_i 


^  N  00 

/  \  /  t  n2n-l/2  v,2  \/(<>2  _i"Ti  ^ 


For  the  Neumann  problem 


u(C  ,n)- 


N  00 
1^—1 


.i_nL_e 


-icfCj^+l) 


cos  Cc(  1  +  n)  3 


n  =  0m  =  0  Li  IJ 

Near  the  shadow  boundary,  where  i  o'(l  + 1?)  |  >>  I: 


1/^ 


X 


(2) 

m 


For  the  Dirichlet  problem 


N 


00 


au(?  r\) 
o  . 

ac 


-ic(f  fl) 

^2(-l)"  V  e  (1) 

j  ,  o  r.  o  .  n  1/2  1  m 


n  =  0  m  =  0 


2  c 


For  the  Neumann  oroblem 
N 


u(C  ,^)- 
o 


00.  /  ,vn+l  -ic(|  +1) 
"I  ^  I  (-1)  e  1 


.(2) 


m 
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where  c=kF 


IT  „  icb^ 

Vr«'7'J  ' 

x'i>  =  e-““  r4  J  j4m  j ..  i_  j  _ 

m  L  J  J 

These  results  should  hold  when  z  ~  (n  =  2, 3,  . . . )  and  10  <ka<  10^°  ^ . 

0 

9,  Uniform  Field  Result,  Thin  Spheroid  (see  Sec,  3,2.1,  p,  117,  also 
Page  and  Adams, 1938). 

For  a  thin  conducting  spheroid  in  a  time -harmonic,  instantaneously  uniform 

electric  field  parallel  to  the  major  axis  and  given  by  the  expression 

i  A  „  -iut 
E  =  1  E  e 
-  2  0 

in  a  medium  of  permittivity  €,  permeability  ju,  the  components  of  the  scattered 
field  at  the  point  (?,j?)  in  the  far  zone  can  be  written  approximately  as 


E  C  s 
0  0  1 


2b,  o'* 

i(c5- 

*—  3  •  5  *  7  — ' 


Wt  +  |-  -  7) 


^  (|•/c^a^)^  +  (bJ^m^)' 


zb,  C 


?  E  ^C^S,  u  (p)  -  - U  (p)  ..  7  . 

2  fe  ^  ^  J  ivcC -u;t  +  -  -  7) 

■3  iu  "~~rrr~ 


Y- 


in  which 


“1  +(b^m^)2 
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r  c  +1  I 
/=  log  frr  “2 

o  —I 


7  =  tan 


c  =kF 


9  b.m 

i  1 


and  the  remaining  quantities  are  written  as  power  series  in  c  which  begin  as 


follows 


1  187  4  26. 021  6^ 

a,  “1”  4  9^~4  4  fi  2*^ 

1  2»5^  2^*  5^*  7"^  2*  3^*5^ *7 


19  o  2609  4 .  32.  593  6  . 

b  =  1  -  — ^  0  -r  — — ^ — : — 5  c  + 


5  4  2  4  4*^  2 

•  5  •  7  2  •  3  •  5^*  7 


,  1  9  'I/  886  6.. 

m  =  1  --  0^/+  —  c/-  .  c  c/  . 

1  ^  5-7  3  -5  -7 


2  4.  8  6. 

s  =1— j 0 

5  *7  3*5  *7 


=p;<5)-^p^(l)c^4r-^p;<f)4-^pj  J  0^ 

^  ^  3*5  L3  .5  3  *0  •  7  -I 

-  — T^^p‘(5)  +  — 4^  ■ - - ^7*5’ 

.3-5^ 7^-11  ^  3-5^  '''IS  ^  3-5.7^-U-13  J 

2  2  [5-7  ‘  3  -7  ^  J  15  -7  ‘  3  -5  7.13 


5  14 

. - 2 - p^(^)  c  + - 

2'^‘7*11  *13  J 
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Accuracy  of  these  ft  rms  has  not  been  established.  They  should  apply  reasonably 
well  for  the  case  of  an  incident  plane  wave  with  electric  vector  parallel  to  the  major 
axis  provided  the  wavelength  is  large  compared  to  the  minor  axis. 

10.  Traveling  Wave  Formula  (see  Sec.  3.2.1  p.  119,  also  Siegel,  1959) 

The  backscattering  cross  section  of  a  long,  thin,  conducting  body  struck  by 
a  pl?ne  electromagnetic  wave  with  propagation  vector  P  making  an  angle  6  wnth  the 
major  axis,  and  electric  vector  in  the  plane  of  P  and  the  axis  can  be  written 


where 

and 


Q  “  ~~T 


sin0 

f(0 )  =  . - T  sin 


kL 


1  -p  cosO  L2p 


(1  -p  COS0) 


Cin 

—  (1  +  p) 

“  Cin 

li(i 

_P  J 

Lp _ 

O 


2p' 


<(p  -l)cos 

— (i+p) 

+  (p+ 1)  cos 

-d-p) 

+  (p2  -D—  fsi 

1  “ 

Lp  J 

Lp  j 

p  v 

Lp  j 

-Si 


kL 


(1-p) 


Here  Si  is  the  sine  integral 

Cin  is  the  modified  cosine  integral 
y  =  voltage  reflection  coefficient 

This  formula  is  in  error  m  Siegel  (1959)  and  Crispin  et  al  (1959). 
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p  =  relative  phase  velocity 

L  =  length  of  both-  j 

X  =  wavelength  . 

The  relati'*-  phase  velocity  p  is  determined  b}  tlie  actual  path  length  along  the  sur¬ 
face  relative  to  the  distance  in  the  axial  direction.  The  voltage  reflection  coefficient 
depiends  largely  on  the  angle  6  and  on  the  shapie  of  the  body  at  the  tips  and  must  be 
determined  by  anaiogj'  or  experiment.  The  values  used  bj’  Siegel  for  the  10;  1  pro¬ 
late  spheroid  in  three  distinct  ranges  of  B  are  as  follows 

6  =  0-40^  40-60^^  60-75*^ 

7  =  .  33  .7  1.0 

The  theory  breaks  down  at  0  =  0  and  in  the  region  about  7r/2.  Comparison  with 
experiment  is  illustrated  for  the  i0;l  spheroid  in  Fig.  26,  p.  203. 

11.  Perturbation  of  Sphere  Solution  (see  Sec.  3.2.2,  p.  119) 
a.  Vector  Case  (cf.  Mushiake  1956) 

The  normalized  backscattering  cross  section  of  a  fat  spheroid  specified  in 
spherical  poiar  coordinates  by  the  expression 

r  =a(l  -  j/sin^  0  )^^^  with  j/  =  1  -a"  /b^,  |  v\«  1 
and  struck  by  a  plane  wave  whose  propagation  direction  makes  an  angle  a 
axis  01  ijy  mmttry  can  be  written  for  6  polarization  (E^  |  plane  ul  incident 

said  plane),  resoectively,  as 

inii  _ _ 


I  i  ' 

I  and  avis)  and  0  polarization  (E  J_ 


With  the 
direction 
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;  i2 


6'  ^ 
Ta2  ■  ^6 


£ 


^  ra2 


'0 


where,  to  first  order  in  v  , 


JSL 


4  n  +  i 

T)  ,  (-1)  (2n+l)Q'  (ka)6  (ka)-i-i/ n’ 

e,  0  ka  — ^  n  n  8,0 

n  =1 


with 


Q  (ka) 
n 


ka 


f 


j  (ka) 


Y  Vn  U) 


n 


h'  '  (ka) 
n 


1 


6  (ka)  =  — 

n  r  ; 


2  jka  h^^\ka) 
L  n 


OD  00 


and 


X  1  m  P  (cos  O') 
>  .n  n 


00 


Zl_i  1 


r)*  =2  , _ ,  , _ ,  -  ^ 

'  0  ^ - ’  n  sin  a 

m  =  0n  =  m  r  =  m 


.r  _ 

1  a  I 
_  r 


.  mP  (cos  O') 
Im  r 


nr  sm 


-in , 


,2m  dP  (cos  O') 
-  im  6  I  r 

r  nr  - 


do  —I 


00 


,  ,  d  P  (cos  o)  r 


n  do 


r  =  m 


2m 

-mo  I 
r  nr 


.m. 


mp”^(coso)  d  P“‘(coso)  ~1 

r  ./o  r^rn  4m  ,  n 

- : - +  i(/B  I  +■  O'  I  ) - T7 

sm  o  r  nr  r  nr  do 


The  corresponding  expression  for  is  obtained  from  this  by  making  the  sub 


stitution'; 
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m  (cos  o) 
s _ 

sill  Q 


d  (cos  O') 
s 


,  s=n,  r. 


and  the  quantities  jS  ,  7  are  defined  by  the  expressions 

r  r 


13  to)  -'f 


j^(ka^  *  ’  [ka  3^(ka^  ’  rkah|^^^(ka^  ’ 

J  '^ah|.Vj]'*L  ^  j 


/  f  (kaH  ’  . 

/  ka  (k^ 


The  remaining  quantities  ,  s  =  i,  2,  4,  are  essentially  definite  integrals  of 
products  of  Legendre  functions  defined  as  follows; 


=  r 


dP  dP  P  P  \ 

n  r,  2  n  rl.3„.„ 

- 'IT'  "~TT~  ^ 

de  de  sm  B  J 


r/dp'"  dP^  \ 

j(-7^P™+  p"^  )sin2 

-'Vde  r  do  n  J 
0  \  / 


sin*^  6  dB 


P*^  sin  2  0  sin0  d0 
d0  r 


^mnr  ^  (9  -  +  l)(n  -  m)!  (2r+l,.r-m)I 

o,  m  n(n+ l)(n+ m)I  r(r+ l)(r  +  m)I 
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where  6  is  the  Kr  ;n?‘-cker  oeLtHo 
o.  m 

Results  computed  from  these  formulas  for  various  values  of  v  in  the 
neighborhood  of  unity  are  shown  in  Figs.  21,22  .  A  comparison  with  ejqierimental 
data  for  a  particular  spheroid  at  a  particular  wavelength  is  shown  in  Fig.  34. 

b.  Scalar  case,  Ner  nann  problem  with  symmetric  incidence  and  arbitrary 
observation  direction  lv.f.  Sleator  and  Ullnr.au.  ibcii). 

If  tiie  spheroid  is  specified  as  in  the  sector  case  above  and  the  scattered 

<5 

field  (r,  0)  is  e>panded  in  spherical  scalar  wave  functions 


a  =  0 


/  J  » 

A  h'''^{kr)P  (cos0) 
n  n  n 


then  the  coefficLnts  A  can  be  written 

n 


A  =i  (2ni-l) 
n 


(j  (ka)] 

.  +1^  a 


with 


.KH 

(2n+l)  _(ka)^(n^-TTi"i)-rin+l)^ 


+ 


(2n+l)(ka)^  h^  Nka)l  (  (ka^  (2n-l)(2n  +  3) 

l_n  _j  V  L-n  —J 

n^n -llljka)^  -(n -2)(n-f- 1)]  ^  (n-t-l)(n-i-2)u(ka^)  -ntn  +  3)]  1 . 


f“  ~1 ' 

2jh^^^,,(ka)  (2n+3) 

L_n  +  2  —i 


The  backscattering  cross  section  is  given  by  the  expression 
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No  results  have  been  computed  from  these  formulas  as  yet.  Accuracy  should 
be  comparable  to  the  vector  case. 

12,  Weak  Scatterers  (see  Sec.  3.3,  p.  124) 
a.  Scalar  Case 

The  differential  scattering  cross  section  of  a  thin  homogeneous  spheroid  of 
interior  propagation  constant  immersed  in  a  medium  oi  propagation  constant  k  ^ 
and  struck  by  a  plane  wave  propagating  in  tl.e  plane  0  =  0  at  incident  angle  o 


with  the  major  axis  h  0)  is  written  approximately  (see  Moiitroll  and  Hart,  1951)  as 

2 


a(0,0)=^ 


'^2  4  2 

25r(k;-k  )ma^b 
1  o _ 


2  4  2  A 

(i  +  m)  1+^  +2/^  cos  4ak^J 


-.2 


*  3 

u  2  j  (i4 V  2  J  (v) 

5.  I 

2 


where 


k.  -  k 
^  1  o 

k,  +k 
1  o 


k,  =Jk^  -  k‘  cos^  a 
ill  o 


m 


M 


-  k^  cos^  a 
1  o 


k  sin  a 
o 


'■jC  "i/ 

a^  k  ^  +a^  k^  sin^  0  +  k^  b^  (cos  o  -cos  0)^  -2a^  k,  k  sin  0  cos  0 
i  0  0  1  o 
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V  =  k,  +  a^  Ir  sin^  0  +  (cos  Q  -cos  0)^  +  2a^  k  k  sin  0  cos  Q  , 
lo^o  lo'^ 

No  quantitative  data  are  available  on  accuracy  of  this  result.  Qualitative 
remai'ks  are  made  in  the  preceding  text. 

An  approximate  result  which  derives  from  the  Schrodinger  equation,  under 
the  assumptions  that  a)  the  energy  of  the  potential  is  small  compared  to  that  of  the 
incident  wave,  and  b)  its  range  is  small  compared  to  the  wavelength,  is  given  by 
Greenberg  (1960).  If  a  plane  scalar  wave  strikes  a  square-^‘'eli  potential  of  prolate 
spheroidal  form,  represented  by  the  expression 


U  =  -U  (1  +  i  6)  inside 
o 


U  =0 


outside 


at  an  angle  owith  respect  to  the  axis  of  symmetry,  the  total  scattering  cross  sec¬ 


tion  is  given  approximately  by  the  formula 


=  4  7rb  (a^  sin^  o  +  b^  cos^  a)  *  Re 


where  a,  b  are  major,  minor  semi-axes, 

1  /o 

.r2  .  2  ^  J  2-1  ' 

C  =  ab la  sin  o  +  b  cos  oj 

U  b 

p  =  (1  +  id/, 

k 


i  I  i 


and 


THE  UNIVERSITY  OF  MICHIGAN 

364c -6-T 


/X  /X  ik  1  •  r  i 
i.e.  E(r)— E^(r)  =  e  “E 

A 

where  e,  e  are  respectively  the  interior  and  exterior  dielectric  constants,  i  is 
o 

the  unit  vector  in  the  incident  direction,  and  E  ^  is  the  incideiit  field  amplitude,  the 

quantities  Jj^ _ and  Jj| _ ^j^vanish,  as  does  Jj| _ ifij^^,  where  s  is  the 

unit  vector  in  the  observation  direction.  To  this  order,  the  other  quantities  are 


- - 1 -  jx)^(m^-l)^ 

{k  rf  ° 


where  k  is  the  external  oropagation  constant 
o 

r  =  distance  to  observation  point  from  scatterer 
a,b  are  semi-axes  of  spheroid 

K  =  ki-k  §  (b^  sin^  i//  +  a^  cos^ 

o 

ip  =  angle  between  kt-k^^  and  major  axis 

j  is  a  spherical  Bessel  function 
i 

k  is  the  internal  propagation  constant. 

In  the  first  order  approximation,  where  two  terms  of  the  above  series  are  used  for 
the  internal  field,  the  quantitie  S  WuICm.  vanish  in  the  zero-order  are  given  by  the 
form 
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6  .  =  angle  between  t'  and  f,  s 

1,  s 


A  A  (sAl) 

1(=  SI  ="'  *  —  *  '  '  ' 


=  unit  vector  _L  observation  plane 


'Si.  =  unit  vector  in  observation  planej_  t 

I! 


(^A(iA^)) 

li'/wfsT 


A 

111  = 


A 


=  unit  vector  in  observation  planej_  i 


and  finally 


Y 


a">b  4jr 


=  —-  \  dt 


-1 


2t 


sj 

0 


d0 


J,(k‘’)  j,(K°) 


Tk° 

S 


K. 


where 


=  ;J  -t.'| 


K°  =ik  s*  -  k  t'l 
s  I  o-  -! 

i'  =  b'^+(a  -b)  i  z 
“  z 

•o'  =bs  +  (a-b)s  $ 

~  z 

t'  =b^‘+{a-b)t  z 
—  z 

Comments  on  range  of  validity  appear  in  the  text. 
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4.2  THEORETICAL  CURVES 

The  following  are  ihe  graphical  representations  of  the  prmcipal  numerical 
results  obtained  to  date  from  the  an.'ilyses  described  in  the  preceding  chapters. 
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FIG.  4;  RKL>\TiVF  CROSS  SECTIONS  OF  lEMlD  SPHEROIDS  ^Silence  and  Granger,  l<)5i) 

0.J,"  total  scattering  cross  section;  A  area  of  geometrical  shadow,  »=  angle  between  incident 

1/2  r-  direction  and  major  axis. 
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FIG.  6;  SCATTERING  PATTERNS  IN  PL/\NE  OF  INCIDENCE  FOR  iD\RD  SPHEROIDS,  PL/\NE  WAVE  INCIDENT 


30^  OFF  NOSE  (Spence  and  Grander,  1951).  lini 

r  00 


s  scattered  field. 
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FIG.  7:  SCATTERING  PATTERNS  IN  PLANE  OF  INCIDENCE  FOR  HARD  SPHEROIDS,  PLANE  WAVE  INCIDENT 
60°  OFF  NOSE  (Spence  and  Granger,  1951).  1=  lim  r  e"^^  V®  ,  scattered  field. 
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FIvG.  10;  RELATIVE  POWER  RADIATED  FROM  AN  AXIAL  DIPOLE  AT  THE  TIP  OF  A 
PROLATE  SPHEROID,  ka=1.0  (Hatcher  aiid  Leitner,  1954). 
fs5  7r^  a'*  e  u\  Urn  r  H, 


CD 
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FIG.  11:  RELA'nVE  POWER  RADIATED  FROM  AN  AXIAL  DIPOLE  AT  THE  TIP 
OF  A  PROLATE  SPHEROID,  ka=2. 0  (Hatcher  and  Leitner,  1954) 
f««7r^a^  e/j!lim  rH.J^ 
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FIG.  12:  RELATIVE  POWER  RADIATED  FROM  AN  AXIAL  DIPOLE  AT  THE  TIP 

OF  A  PROLATE  SPHEROp,  ka=3.0  (Hatcher  and  Leitner,  1954). 

fsarTr^a^e;/  lim  r  Hrf 
r  -►00  f 
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FIG.  13:  RADIATION  PATTERN  FOR  AN  AXL\L  DIPOLE  AT  THE  TIP  OF 
A  PROLATE  SPHEROID.  (Belkina,  lfl57)  (Broken  lines  correspond 
to  sphere  of  radius  r  =  c/k. ) 
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(a)  Exact  Solution  (Siegel  et  al,  1956) 

(b)  Power  Series,  1  Term  (Rayleigh,  1898) 

(c)  Power  Series,  2  Terms  (Stevenson,  1953) 

(d)  Power  Series,  3  Terms  (corrected,  see  footnote,  p.60) 


0.1  0.2  0.4  0.6  0,8  0.1  1.2  1.4 

ka 

FIG.  14:  LOW  FREQUENCY  NOSE-ON  BACK  SCATTERED  CROSS 

SECTION  FROM  A  HARD  10:1  PROLATE  SPHEROID  (Sleator,  1960) 
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FIG.  15:  RADIUS  OF  CONVERGENCE  OF  lUYLeGH  SERIES  (Senior,  1961). 

w  and  L  are  the  dimensions  perpendicular  and  parallel  to  the  direction  of 
the  incident  field. 
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X 


xy  plane 


yz  plane 
n  xz  plane 

FIG.  16:  RAYLEIGH  SCATTERING  OF  A  PlJ\NE  WAVE  BY  A  10:1  SPHEROID:  COEFFICIENT  OF  (ka)^  IN 
SCATTERING  CROSS  SECTION  FOR  THREE  ORTHOCkDNAL  PLANES  iSleator,  1959). 

^Note:  Fig.  16  is  continued  on  next  page. ) 
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CHIG  A 


FIG.  17:  ELECTROMAGNETIC  BACK 

SCATTERING  FROM  A  PROLATE 
SPHEROID  WITH  PLANE  WAVE 
INCIDENT  NOSE-ON 

—  - - Rayleigh  Law 

- — - Exact  Curve 

Stevenson  Solution: 

- cr/og  =4^(ka)^+B{kaf 

- a/a  =4A^  (kaf  +8AB(ka)‘ 
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10:1  PROLATE  SPHEROID  WITH  PLANE  WAVE  INCIDENT 
NOSE-ON.  ^  (Sleator,  1960). 
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FIG.  19:  PHYSICAL  OPTICS  CROSS  SECTION  OF  A  PROLATE  SPHEROID 
AS  A  FUNCTION  OF  SEPARATION  ANGLE  jS.  (Siegel  et  al,  1955a) 


a.WMI 
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FIG.  20:  BISTATIC  CROSS  SECTION  OF  A  PROUVTE  SPHEROID. 

EXACT  PHYSICAL  OPTICS  RESULT  FOR  a/b=10,  ka=25. 
(Siegel  et  tJ,  1955a) 


I 
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FIG.  21:  NOSE-ON  BACK  SCATTERING  CROSS  SECTION  OF  SPHEROIDS 
WI"ra  SMALL  ECCENTRICITY 
(Mushiake,  1956). 
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4.3  EXPERIMENTAL  RESULTS 

In  view  of  the  fact  that  the  prolate  spheroid  has  been  the  object  of  a  considerable 
amount  of  theoretical  investigation,  it  is  rather  surprising  to  find  that  spheroids 
are  not  nearly  so  popuiar  as  objects  of  experimental  study.  This,  in  part,  is  a  re¬ 
sult  of  the  difficulty  incumbent  upon  measurements  involving  low  cross  section 
chapes,  in  which  category  the  prolate  spheroid  often  falls.  It  would  seem,  however, 
in  view  of  the  considerable  interest  in  the  scattering  properties  of  spheroids  and  the 
increased  measurement  capabilities  of  various  laboratories,  that  a  comprehensive 
program  of  experimental  measurements  would  be  well  justified  at  this  point  if  one 
has  not  already  been  begun. 

At  the  present  writing,  the  list  of  ejqperimental  studies  on  the  prolate  spheroid 
is  short  and  the  available  data  are  quite  limited.  As  an  illustration  of  the  scarcity 
of  these  data.  Fig.  24  depicts  all  available  back  scattering  data  for  that  case 
where  data  are  most  plentiful,  i.e.,  nose-on  back  scattering  from  a  conducting  pro- 

I 

late  spheroid  with  major  to  minor  axis  ratio  of  10;  1.  Also  included  in  the  figure  arej 

1 

available  theoretical  results.  This  assess;  .ent  of  experimental  work  is  based  on  a 
study  of  the  published  literature  as  vvell  as  private  ccrnmurucations  which  are 
enumerated  below,,  Any  omissions  are  inadvertent  anu  it  would  bt  greatly  appreci- 

i 

af/?d  if  such  data  were  communicated  to  the  Radiation  Laboratory.  All  of  the  work  i 
discussed  in  this  section  concerns  the  electromagnetic  (vector)  case. 
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FIG.  24:  NOSE-r'N  ELECTKOMAGNETIC  BACK  SCATTERING  CROSS  SECTION 
OF  A  10:1  PROUiTE  SrilEROID 
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Back  scattering  measurements  of  a  10:  i  perfectly  conducting  prolate 
spheroid  were  carried  out  at  The  Univeisity  of  California,  Berkeley,  using  the  image 
plane  technique  (Honda,  et  al,  1959).  The  operating  frequency  was  9346  Me  and  for 
ka  =29. 8,  complete  polar  diagrams  of  the  back  scattered  field  v^ere  obtained  in  the 
plane  perpendicular  to  the  incident  electric  field.  The  results  for  back  scattered 
cross  section  near  broadside  are  plotted  in  Fig.  25  .  Also  included  is  the  theoreti¬ 
cal  geometric  optics  cross  section  calculated  from  equation  (3. 49).  At  nose -on 
incidence  the  cross  section  was  measured  as  about  4  times  (6  db)  larger  than  that 
predicted  by  geom^'^^ric  optics  (sef  Fig.24  ).  There  was  some  doubt  as  to  the 
reliability  of  the  measurements  for  aspects  near  nose-on  because  the  extremely 
small  values  of  the  scattered  field  admitted  the  possibility  tnat  the  measured  return 
v/as  dominated  by  a  spurious  signal. 

Subsequently  an  improved  version  of  the  same  ejqjerimental  setup  wat  em¬ 
ployed  to  measure  the  back  scattering  cross  section  of  a  set  of  five  different  con¬ 
ducting  prolate  spheroids,  all  having  a  ratio  of  jnajor  to  minor  axis  of  10: 1  (Olte  and 
Silver,  1959),  Their  results  for  broadside  (E  perpendicular  to  axis  of  symmetry) 
and  nose-on  incidence  arr  given  in  the  following  table.  The  nose-on  values  are  plot¬ 
ted  in  Fig.  24  and  substantiate  the  results  of  Honda  et  al. 

cr  IN  db  RELATIVE  TO  6  IN.  DIA.  SPHERE 


a 

6.0 

3.0 

2.111 

1.263 

1.184 

Nose- on 

-26.0 

-48.0 

-43.3 

-40.6 

-40.9 

Broadside 

2.4 

-0.5 

-4.3 

-12.7 

-13.5 

200 


to  plane  of 


THE  U  N  I V  E  R  S  I  Y  O  ^  MICHIGAN 

U'.48-6-T 


201 


FIG.  25:  BACK  SCATTEEQNG  CROSS  SECnON  OF  10:1  PROLATE  SPHEIUHD  AS  A  FONCnON  OF 
ANGLE  FROM  BROADSIDE  ASPECT,  ka  =  29.8 
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Further  corroboration  of  the  nose-on  back  scattering  cross  section  of  a  10:1 
prolate  spheroid  for  ka  =  29.8  is  given  by  measurements  made  at  the  Radiation  Lab¬ 
oratory  (Hiatt  et  al,  1960).  The  experiment  was  designed  to  measure  the  effect  on 
back  and  forward  scattering  of  coating  various  parts  of  a  conducting  spheroid  with 

i 

radar  absorbing  material.  A  perfectly  conducting  spheroid  was  also  measured  and 
the  back  scattering  cross  section  appears  in  Fig.  24. 

J.  Lotsof  of  the  Cornell  Aeronautical  Laboratory  also  measured  the  back  scat¬ 
tering  cross  section  of  a  10:1  perfectly  conducting  prolate  spheroid  for  vario'is  as¬ 
pect  angles.  These  data  have  not  been  published  directly  though  they  have  appeared 
in  the  literature  (Crispin  et  al,  1959;  Siegel,  1959),  cited  as  a  private  communication 
The  datii  were  measured  at  ka  =  12.56  for  both  horizontal  and  vertical  polarization. 

J 

The  results  for  horizontal  polarization  (E  parallel  to  the  plane  of  rotation)  are  given 
in  Fig.  26  together  with  the  theoretical  result  predicted  by  travelling  wave  theor>' 

(see  Sec.  4,1.10).  The  results  for  vertical  polarization  (E^  per.icndicular  to  the 
plane  of  rotation)  are  given  in  Fig.  27.  The  nose-on  values  m  both  cases  have  been 
renormalized  and  plotted  in  Fig,  24. 

Some  bistatic  measurements  were  carried  out  on  a  2:1  conducting  prolate 
spheroid  for  incidence  along  the  axis  of  symmetry  by  Rabinowitz  (1956).  Measure- 

I 

ments  were  made  at  bistatic  angles  between  90°  and  180°  for  both  horizontal  and  y^^r- 
tical  polarizations  (E  parallel  and  perjjeadicular  to  the  plane  of  rotation)  at  a  wave¬ 
length  such  that  ka  =  103.  Quantitative  results  were  not  given  but  the  qi^aV^Htive 
scattered  field  behavior  is  evident  in  the  results  given  in  Fig.  28. 

+ 

Note  that  the  ordinate  ccales  in  the  graphs  of  these  data  in  these  references  are  too 
high  '  j  a  feclor  of  10^.  Actually  what  is  plotted  is  a  in  cm^,  not  m^. 
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0  (bistatic  angle,  degrees) 

FIG  28;  RELATIVE  MAGNITUDE  OF  FIELD  SCATTERED  FROM  A  2:1  PROLATE  SPHEROID  AS  A  FUNCTION 
OF  RECEIVER  ANGLE  (Rabinowitz,  1956) 
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I  More  extensive  bistatic  measurements  were  subsequently  carried  out  at  the 
j  Ohio  State  University  experimental  facility  (Eberle  and  St.  Clair,  1960).  For 

I 

bistatic  angles  of  0  (back  scattering),  30  ,  bO  ,  90  ,  120  ,and  140  ,  scattering 
cross  section  was  measured  continuously  as  a  function  of  aspect  for  both  horizontal 
and  vertical  polarization  of  transmitter  and  receiver.  As  indicated  in  Fig.  29  ,  the 
experimental  set-up  involved  fixing  transmitter  and  receiver  at  a  particular  angular 
separation  and  rotating  the  target  in  a  plane  containing  the  transmitter 

S 

$ 


and  receiver  directions  and  the  spheroid  axis  of  symmetry.  The  system  operated  at 
a  wavelength  of  3.2  cm  and  the  spheroid  (again  perfectly  conducting)  had  an  axis 
ratio  of  2.178  with  ka  =  9. 13.  In  Fig.  30  ,  the  measured  values  oia  j}?  in  db  are 
plotted  against  aspect  angle  ct.  No  attempt  has  been  made  to  renornr^alize  the  data 
since  as  originally  presented,  the  scale  is  too  small  to  oe  read  with  much  accuracj. 
The  experim  r.tal  facility  at  Ohio  State  University  was  also  used  to  measure  the 
nose-on  back  scattering  cross  section  of  a  dielectric  spheroid  (Thomas,  1962).  For 
spheroids  of  axis  ratio  1. 35: 1  and  relative  permittivity  1.  8  (index  of  refraction  1.  34) 


a/>?  (in  db) 


a/X^  (in  db) 


FIG.  30:  BISTATIC  CROSS  SECTION  OF  PROLATE  SPHEROID  (Eberle  and  St.  Clair,  1960). 

ka--  9.13,  a/b=2.178  (Target  aspect  angle  a  and  bistaUc  angle  jS  depicted  in  Fig.  29). 
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the  cross  section  was  measured  for  various  values  of  ka.  A  theoretical  curve  based 
on  a  modified  geometric  optics  analysis  was  p^-esented  along  v/ith  these  results,  but 
there  appear  to  be  discrepancies  in  the  numerical  work  which  have  not  been  resolved 
at  the  date  of  this  writing.  The  curve  is  therefore  omitted  here,  but  the  experi¬ 
mental  results  are  given  approximately  (as  read  from  the  published  graph)  in  the 
following  table,  waere  b  is  the  semi-minoraxis  of  the  spheroid  and  the  ratio  a  / 
is  given  in  decibels. 

b/X  =  .38  .  40  .  42  .  76  .  81  .85  .  92  2.02 

o/jrb^  =  -6,1  -5.2  -2.7  -2.:  -2.3  -.04  -2.1  -0.7 

More  extensive  measurements  of  scatterir^  by  dielectric  spheroids  have  been 
carried  out  at  Rensselaer  Polytechnic  Institute  (Greenberg  et  al,  1961;  1963a,  b). 
Measurements  of  scattering  efficiency,  Q  =cr^/  A,  A  =  geometric  cross  sectional 
area  (see  van  de  Hulst,  1957;  Goodrich  et  al,  1961)  were  made  on  a  spheroid  of  axis 
ratio  2: 1  for  a  number  of  indices  of  refraction,  n  =  m  -i6,  both  real  (6  =0)  and  com¬ 
plex  (6  /  0).  Differential  scattering  cross  sections  were  measured  but  not  re¬ 
ported,  and  the  total  cross  section  was  determined  by  measuring  the  forward 
scattered  field.  Measurements  were  made  for  incidence  nose-on  and  broadside,  the 
latter  for  both  vertical  and  horizontal  polarization.  The  results  are  given  in  Figs. 
31-33. 

A  series  of  back  scattering  measurements  on  spheroids  of  small  eccentricity 
was  undertaken  at  the  Ohio  State  University  in  support  of  the  theoretical  work  of 
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Mushiake  (1956).  Ciily  preliminary  results  were  given,  and  these  arc  shown  in 
Fig,  34  .  There  was  some  question  regarding  the  reliability  of  these  results  since 
the  e3q)eriment  was  not  readily  reproducible.  The  refinement  of  the  ejqperiment  was 
to  be  the  subject  of  future  work;  however,  at  the  present  writing,  refined  results 
are  still  unavailable. 
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nose-on  incidence 


broadside  incidence  E  parallel  to  axis  of  symmetry 
broadside  incidence,  parallel  to  axis  of  symmetry 


II 

j 

/' 


^  w  i 


j 


3 

ka(n-  1) 


FIG  31:  TOTAL  CROSS  SECTION  OF  A  DIELECTRIC  SPHEROID 
n  =  1  603,  a/b  =  ?•  (Greenberg  et  al,  1961) 
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a 


FIG  34:  A  COMPARISON  BETWEEN  COMPUTED  AND  MEASURED  BACK  SCATTERING 
CROSS  SECTION  OF  A  SPHEROID  (a  =  0  is  nose-on)  (Mushiake.  1956) 
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APPENDIX 

INDEX  TO  NUMERICAL  TABLES 

The  following  is  a  guide  to  the  principal  numerical  tables  which  have  been 
computed  in  connection  with  the  spheroid  problem.  Note  that  the  termicnlogy  and 
normalizations  used  in  the  various  sources  are  not  uniform.  To  reconcile  the  dif¬ 
ferent  systems  of  notation,  see  the  precise  definitions  in  each  source  and  the  Table 
of  Notations  in  Flammer  (1957).  The  notation  a(A)b  in  the  third  column  below  indi¬ 
cates  that  a  quantity  ranges  from  a  to  b  inclusive  at  intervals  of  A.  Accuracy  is 
specified  in  significant  figures. 


Quantity  Source  Parameters,  Arguments,  Indices  Accuracy 


Eigenvalue  Stratton  et  al  m=(Xl)8;  n  =  m{i)8  7 

X  (c)  (1956) 

mn 

Flammer  a)ra=Ci(l)3;  n  =  m(l)3;  c  =  0(. 2)5.0  6-7 

'■  c7)  b)m=l;  n=5(2)19;  c  =  l,2,  7r/2,2.0, 

3jr/ 4,  2.5,  2.8,  3,0,  ir,  3.2  10 

Weeks  m  =  i,;  n  =  1(1)27  -  80( depending  on  c,  see  9_10 

(1959)  below) 

c  =7r/  2  TT  3jr/  4  2x  12  A-n  dr  16 
max.n  =  28  39  48  44  45  80  62 

U.  ofMJlad.  m  =  0, 1;  n  =  0(1)3;  15 


lab.  c=.0935,  .1043,  .156,  .234,  .260,  .312, 

unpublished  .375,  .521,  .750,  ,780,  .937,  1.251,  1.560, 
1.876,  2.085,  2.493,  3.120,  3.75,  4.69, 

5.86,  6.24,  10.43 

Spheroidal  Stratton  et  al  m  =0(1)8;  n  =  m(l)8;  c  =  0(.  1)1. 0(.2)8. 0  7 

Coefficients  (1956) 

(0> 


PTammer 

(1957) 


a)m  =  0(l)3;  n  =  in(l)3;  c  =  0(. 2)5.0 
k  =  -2in(2)  vanishing  point 
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Appendix 

Index  to  Numerical  Tables  (cont, ) 

Quantity 

Source 

Parameters,  Arguments,  Indices  Accuracjj 

Spheroidal 

Flam  me  r 

b)m  =  l;  n  =5(2)13;  c  =  1. 2,  7r/2,  2. 0,  37r/ 4, 

>8 

Coefficients 

(1957) 

2.5,  2.8,  3.0,  ff,  3.2 

^  (<=) 

k  =  -2(2)vanishing  point 

(cont, ) 

U.  ofM.  Rad, 

a)  m  =  0, 1;  n  =  0(1)3;  c  =  all  values  specified 

15 

Lab. 

above  for  eigenvalues;  k  =  all  necessary 

unpublished 

values  between  -16  and  +16. 

h)m  =  0;  n=  0(1)8;  c^.99A,  1.391,  1.591,1.93S 

8 

2.086,  2.185,  2.238,  2.782,  2.981,  2.998, 

3. 581,  3. 681,  3. 780,  3.  80,  3. 88,  4.  00,  4. 28, 
4.60 

Angular 

Fia’'jmer 

ni  =  0(1)3:  n  =  m(l)3;  c  =  .5{.5)5,  0 

6  =  cos“^  n  =  0°(5‘^)90® 

>4 

F  unctions 

(1957) 

L  {c,r)) 
mn 

Spence 

m  =  0(l)3;  n  =  m(l)i3-m) 

4 

(1951) 

a)  c  =  l(l)5;  6  =  cos"^  n  =  0°(5°)90° 

b)  c  =  .5(.  5)5.0;  6  =(P,  30®,  60°,  9(P 

1 

Weeks 

m  =  l;  n  =  1(1)20;  c=7r/2,  5,  8,  12 

(3  959) 

6  =  cos“^  i?  =  5®(5®)90® 

>9 

Radial 

Flam  me  r 

a)j=l;  m=  0(1)3;  n  =  m(l)3;  c  =  .5(.5)5,  0 

4 

Functions 

R^^^  (c,  ?) 
ran 

(1957) 

?  =  1;  005,  1.020,  1.044,  1.077 
b)  j  =  l,2;  m=  1;  n  =  1(2)13 

>6 

c  =  1.2  -  3.2  (9  values  listed  above) 

and  deriv- 

?=1.01,  1.0001,  1.000001,  1.00000001 

atives  with 

c)j=2;  m  =  0(l)3;  n=m(l)3;  c  =  1(1)5 

4 

respect  to  ? 

C  =1.005,  1.020,  1.044,  1.077 

U.  ofM.  Rad. 
Lab. 

unpublished 

j=l,  2;  m  =  0,l;  n  =  0(1)3,  ?  =  1.005 

15 

Mathur  and 

j  =  1,  2,  4;  m  =  0, 1;  n  =  0,  1,  2 

Mueller 

c  =  .l,  .2,  .4,  .6,  .8;  ?=1.1,  1.2,  1.3 

5 

(1955) 
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Appendix 

Index  to  N.'.merical  Tables  {cont, ) 


Quantity 

Source 

Parameters,  ArgumenUj,  indices 

Radial 

Weeks 

j=l,2;  m  =  l*.  n- 1(1)12-22  (see below) 

Functions 

(1959) 

?=  1.077,  1.100 

(c,  C) 
mn 

c  =  5  8  12 

max.  n  =  12  16  22 

(cont.) 

Normaliza- 

Flammer 

m  =  0(1)3;  n=m(l)3;  c=.5(. 5)5.0 

tion  constant 

(1957) 

N  (c) 
mn 

Mathur  and 
Mueller 

m  =  0;  n  =  0, 1, 2;  c  = .  1,  .2,  ,4,  .6,  .8 

(1955) 

Joining 

Flammer 

a)j=l;  m  =  0(1)3;  n  =  0(1)3;  c  =  1(1)5 

Factor 

(1957) 

b)j=l;  m  =  l;  n  =  )(2)13;  c  =  l. 2-3.2 

(9  values  listed  above) 

k*'*  (c) 
mn 

c)j=2;  m  =  l;  n  =  1(2)7;  c=  1.2-3. 2 
(9  values  listed  above) 
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TABLE  OF  NOTATION 

In  a  work  of  this  sort,  in  which  a  large  number  of  symbols  are  employed, 
some  duplication  is  inevitable.  Many  of  the  quantities  however  are  adventitious  and 
are  defined  at  the  point  of  introduction  and  soon  abandoned.  Those  in  widespread  or 
repeated  use  are  listed  below,  along  with  brief  definitions  and  references  to  their 
points  of  appearance  in  the  text. 


Symbol 

Name  of  Quantity 

Defined 
On  Page 

A(q) 

Airy  function 

157 

a 

Semi-major  axis  of  spheroid 

7 

b 

Semi-minor  axis  of  spheroid 

7 

A  ,  B 
mn  mu 

Field  ejqiansion  coefficients 

27 

c 

1/ 2  xWave  number  xinterfocal  distance  =  kF 

13 

d  (c) 
r 

Spheroidal  coefficient 

18 

Incident,  scattered  electric  fields 

48 

Components  of  electric  field  in  spheroidal 
coordinates 

49 

F 

1  /  2  X  interfocal  distance 

7 

G  (r,  r’) 

0  — 

Free -space  Green’s  function 

27 

G(r,  r') 

Green's  function  of  particular  body  with  point 
source 

29 

217 


THE  UNIVERSITY  OF  MICHIGAN 


3648*-6-T 

TABLE  OF  NOTATION(CONT. ) 


^mbol 

Name  of  Quantity 

Defined 
On  Page 

G  Jl.  r’) 

Fundamental  solution  with  plane  wave 
excitation 

30 

H*’' 

Incident,  scattered  magnetic  fields 

48 

«r 

Components  of  magnetic  field  in  spheroidal 
coordinates 

49 

“r  V  “(i 

Metric  coefficients  of  spheroidal  coordinates 

10 

,(1,1!) 

n 

Spherical  Hankei  function  of  1st,  2nd  kind 

22 

K(|,  n) 

Fuernel  function  in  integral  representation 

21 

k*'-*  (o) 
mn 

Proportionality  factor  of  radial  and  angular 
functions 

22 

L  e  Me  Ne 

—  oDin,  — Qnm, 

Hansen’s  vector  wave  functions 

47 

^3  j  3 

Direction  cosines  of  vector  identified  by 
index 

146 

N 

mn 

Normalization  constant  for  angular  functions 

20 

n 

Index  of  refraction 

208 

p“ 

n 

Associated  Legendre  function  of  order  m, 
degree  n,  first  kind 

18 

P 

Poynting  vector 

189 

P 

Dipole  strength 

38 

ni 

Associated  Legendre  function,  2nd  kind 

18 
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Symbol 

(1,2) 


R*”(o,5) 

mn 


r,  r 


S  (c,  1?) 
mn 


T  (cos  0 ) 
n 


t 

u(P) 

V 

X,  y,  z 

z^^^kr) 

n 

a 


Ad,  2) 

r^2 


3648-6-T 

TABLE  OF  NOTATION  (CONT. ) 
Name  of  Quantity 

Zero  of  Airy  function  or  its  derivative 

Radial  spheroidal  function 

Distance  between  two  points  in  space 
Radius  vector,  magnitude  of  same 
Angular  spheroidal  function,  first  kind 

Distance  along  ray 
Gegenbauer  function  of  order  1 

Time  variable 

Scalar  field  strength  at  point  P 
Volume  of  spheroid 
Cartesian  coordinates 
General  spherical  Bessel  function 

Incident  Angle 

Separation  angle  between  transn'.itter 
and  receiver 

Wronskian  determinant 

Laplacian  operator 


Defined 
On  Page 

157 

21 

38 

27 

18 

103 

174 

27 

103 

68 

9 

22 

120 

90 

22 

13 
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Symbol 

V 

6 

mn 

e 

e 

e 

m 

ri 

e 

d 

X 

\  (c) 

mn 

m,n 

V 

? 

K  ,  ;r 
e  m 

P 

mn 
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TABLE  OF  NOTATION  (CONT. ) 

Name  of  Quantity 

Gradient  operator  c 

Kronecker  delta 

Permittivity 

Eccentricity  of  spheroid  =  ~ 

Neumann  number 

Angular  spheroidal  coordinate 
Angle  between  vector  R  and  dipole  axis 
Spherical  or  spheroidal  polar  angle 
Wavelength 

Eigenvalue  of  spheroidal  equation 

Permeability  of  medium 
Parity  modulus 

Perturbation  quantity 
Radial  spheroidal  coordinate 
Coordinate  of  scattering  surface 
Electric,  magnetic  Hertz  potentials 

Normalization  factor  for  radial  function 


Defined 
On  Page 

11 

139 

33 

161 

28 

7 

38 

7 

I? 

13 

33 

139 

121 

7 

29 

67 

22 
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a 


a 

g.  o. 


P 


enan 

(j 
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TABLE  OF  NOTATIONCCONT.  ) 

Name  of  Quantity 
Scattering  cross  section 
Geometrical  optics  scattering  cross  section 

Azimuthal  variable 
Spheroidal  harmonic 

Wave  function 
Angular  frequency 


Defined 
On  Page 

70 

90 

7 

76 

27 

27 
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